n!






AorB
4

4 AorB;






Track 2
Track 1

;q'\ (@ Track 2
A p _/
B Vg /—’ Track 3

2

o

Track 1

Before After




(V) i

@-eeee (T) S0 2(T)

v.
t=2

P( Mj 1)

P( MjzD .10 z(W) P( D jz@ ;. 2t
P( (t+1) jz(l);....z(t))_ P( (t+l)j (t))P( (t)JZ(l),Z(t))
(t)
Z(t"'l)

n!
o((nh?) n



=L@ @ = ()

(i) i
=[2314H5]
=3 (=1 @=4 (5)=5
1 2
1 2= 10 2(1)) 12( 22)) 0 1( 2(n))]
n!
Sh
Sh
(i k™)
i k : ) [
=[2314H5]
=(1;2,3)(4)(5)
=(1:23)4(B)=(1;23)
n ( (@);:rz; (n))
P( : ()= (4)=0 i 6]

(1)



1 (1;2)2 S3

1;2)

3 3

™ o
(e N eR

— O O

(= N o]
N <

1;2) 7!

(1;2)

(1;2)

2

3

2

3

=2 0

1=2

010
41 0 05=4 1=

1=2 05:

1
2

o

o

-

5+

o

— O

o o

— [N

0(n?)

o (n)

1); @)

O(n!)

:

1-6
1=3

1-6
1=3

=3
=3

2
1

1=2

2

1_

=2=3;

)
)

P(

2:

P(

P(

P()

P()

Sn



Sn

G G
d d

1,226 (12)= (1) (2

4 ‘ o (12)= (1) (2
g1t 2) = d1 g2

i () S,
2 3
u( ) 12() d ()
a( ) 22() 2d ()
()= :
dl() dz() dd()

d2
Sh



(n):Sn! R !

Sh
n (n 1;1)
[ (n 1;1)( )]ij =1f (j)=ig
S3
2 3 2 3
1 0 0 01 0
(2;1)( ): 4 0 10 5 (2;1)(1;2)2 4 1 0 O 5
0 0 1 0 0 1
2 3 2 3
1 00 0 0 1
@p@3)=40 0 19 @n(;3)=40 1 05
0 1 0 1 0 O
2 3 2 3
0 0 1 01 0
en(1;23)=41 0 05 ((1;32=40 0 15
010 1 0 O
Sh
n 1y() +1

Sy

@11 ((1:23) = @511((A3)(12)) = +1 ¢

@ 1)( ) =1 @y l)((lz) ) =

S3 @:1)



Sn

1
2
2()1C1 1() C
2
C
1
2
1
1
() | 0
2()1 0 | 2()
1 0
m  m()= 0o 1 °
Sy

(2;1)

Ol\)

fer;er;esg

Sn



fvy;v2;vag

_ e tete;
! jer + e + &3’
e +
] et e
e e&+26
V3 = -
] e e +2ej
2 3 24 Pa , 3
i MY S
C=4v v, V35:gpl—§ 2 pl—gg;
1 V2 v ;
J | P 0 =
@1y C
Ct! ey()C
2 3 2
1 0
Cleny()c=40 1 053 C'!ey2c=4
00 1
2 3 2
10 0 1
Clep@dc=80 2 FE& cleywac=4o0
0 5 3 0
2 3 2
10 9 1
Clepwzyc=90 1 F& cleywzac=40
0o z 0
@®)
(2;1)
(2;1)
P P~
_ 3=2 o _ 3= . _ 0
Pl_ 1: 1P2_ 1: 1P3_ 1
2:(1;2)
2:1(1,2;3) =3
d



(3) (2;1) (1;1;1)
10
1 0 1 1
. 10
(1;2) 1 0o 1 1
p_
. 1=2 3=2
(2;3) 1 p 30 1=0 1
p—
. = 3=2
@3 | 1 p EP 1
p_
. 1= 3=
(1;2;3) 1 p 3= 1= 1
pl= P32
(1;3;2) 1 3 1= 1
S3
G
M M
ct c= ;
j=1
G
z
S3
©)] (2:1)
(1;1;1)

S3



G S3
3! @) [ @l [ @yl iz
[ @y )2 [ Ez;;)( )22 @) [ O (i;0)
f
G
f
f:G! R G
G f
=" f()()
G
f
f* G
1 X i
= — 7 :
f() iG] d ()
G
f* () AT B =h (A); (B)i
f:G! R
() ()=1 2 Sp A
A



=1 f
(n) P
. = f() P
P.,=1 P P =0
(n 1;1)
X X _ _ X
[fA<n vy i = fFCN o Oy = f()Lf ()= ig= f():
23, 2Sh CG)=i
i =t o (0)=ig (n 1)
b i
P
L. ﬁ(n 1;1)
(i)
P j i
S3
1;2) ] 2;3) | (1;3) ] (1;23) | (1;3,2
P() [ 1=3] 1= 1= 0 1= 0
(1) 2
|A B C
B _g 1[2=3 1=6 1=
@y~ 4 2)1=83 1=3 1-3
3| 0 1=2 1=2
]
J P
i
[
P
lb(Z;l)
= IO?,:4
=1 b, = P2 T b =0
(n 1;1)
n 1

0(n?)



P( )=0:

[ o220 )iij ik g = 1 (ki 9) = fijj gg;

fi;jg
fk; g fi;j g
k7! i ST k7!j ST
n=4 f1,29f1;3gf1;49f2;3gf2;4g
f3;4g (1;2:3)
2 | f1,29 f1;3g f1;49 f2,3g f2;49 f3;4g
f1,29 0 0 0 1 0 0
f1;3g 1 0 0 0 0 0
2:2(1;23)=f fl4g 0 0 0 0 1 0
£2;3g 0 1 0 0 0 0
2,49 0 0 0 0 0 1
f3; 49 0 0 1 0 0 0
(n 2;1;1)
[ 200 )y = 1F (k7)) =(i5))9;
(k") [ 20 (O )aiw)
ki N
L2 P(
(fk;"g) = fi;jg)
(n 211 P(: (k)=

(i53))



Sh

n
n
Se
0 08 91 8 91
<[1]2]3F 1[2]6F
P@ 415 A= [a]5] A
6] ' 3] ’
f1;2;3g
f1;2; 69 f4,5q f4;5g f 6g
f3g
n
=( 1;:00000) n =(3;2)
n=>5 3+2=5

n=>5
(G); 41); (32 (L1); (2:21); (2:5L11); (LLLL1);

T -
f1;:::;ng
=(2;2)
112 . [1]3] . [1|4] . |2]3| . [2/4] . |3]4
3[4] ' (2]4] " (23] " |14 "’ [1]3] ' |1]2

f1;2g f3;4g



(f1,29) = 3,49 (f3;49)= 11,29

1]2] _ [3]4
P 3l4] ~ [1]2
0 08 91 8 91
<[ATBF <[1]2F
P@ _clbl At [3]4] A=1
" EIF 5/6
1 1 f2;:::,ng
f2;:::;ng
= =1
(f2;::5;ng)=12,:::;ng n=6
P - 2[3[4][5[6] _ [2]3]4]5]6]
' [1] 11
=(n L)1)
=(n 2,2) n=6 f1,2g
f2;4g
p . 3[4]5[6] _ [1]3]5]6]
‘ 12 204
:(n
2;1;1) flg f2g f2g
f4g
0 08 91 8 91
<[3[a[5]6  <[1[3[5[6F
p@ @ |1 A= 2 A
2] " (4]




@);::; (n)
n! nl
ftyg;ftog;::: ()
[ () = (])- (ftjg) = ftig :
P()
h i X
b= POL Oy
2SSy X
= PC);
f 1 (ftjg)=Ttigg
=P(  (ftjg)= ftig);
(n)
(n 1;1)
(n 2;2)
115 2)
P()
P, P, :
I k=1 k k=1 k

(4;2)D(3;2;1) 4 3 4+2 342 4+2+0
33 @&L11

3+2+1



10
£
1
10x10

i
\

H =

2 B B

mtmutw f,  Enéebos oo

B @R 2
H B

10x10

Se

n!

4+1

3+3




(n)

(n 1;1)
(n 2;2)
(n 2;1;1)
(n(n 3;3)
3;2;1)

(n)s

(n)
(n)
(n)
(n)

1;1)
1;1)
1;1)
1;1)
1;1)
(n 2;1;1)

(n
(n
(n
(n

2:2)1
1;1)
2;2)
1;1)
(n 3;3)

Sn

ZSn

(n
2;2)
. 3;3). (n 2;1
( ' 1)
n 2;2) (
n
2;2)

(n 3:2;1)-



T
C(n 2;2) P

f()=

(n 2;2)

Se

f1;2g

th
B
(n 2;2)
f:S,! R
1 j@ @i 1 n
0
n n
f
C(n 22) " =0
fin 12 =0
’
0
Cin 22 =
fA(n 2;2)
= n! =1



(n) {(m L) | 22| 251 | (n 33) |(n 321
1 n(n 3 (n 1)(n 2) n(n 1)(n 5) n(n 2)(n 4)
2 2 6 3
Sn O((nh?)
Sn
o(n? n!)
n!
(t+1) (t)
) Q(t) (t+1) =
(ty (M ()




Q(1;2) = 1=2

Q P p S
Q P [Q PI(1)= ,Q(1,YP(2)

X
P( (t+1)): P( (t+l)j (t)) P( (t));

()
X

= Q(t)( (t)) P( (t));

fF((O; ) (4 = () (Dg
(t+1) = (1) (1)
( (t)) 1 (1) (t+l)( (t)) 1

Q(t)( (t+1) ( (t)) 1) P( (t));

(1)

h [
QW p ( Dy

Sh

pO o

TGS MO8




p© ) Q(l) p® Q(Z) p®@
1 3=4 3=4 3=4 9=16
1:2) 0 1=4 | 1=4 0 3=16
(2;3) 0 0 0 0 0
(1:3) 0 0 0 1=4 | 3=16
1;2:3) 0 0 0 0 1=16
1;3;2) 0 0 0 0 0
Bo) e pO 8@ )
@ 1 1 1 . 1 . 1
1 0 1 0 1 0 1 p_§ . p_§
@:1 0 1 b 1 0 1 3 5’ *3 5°
8 8 6 8
@1y 1 3 3 3 3
b+
t
t+1
i j
8
< 34 =
Q()=. 14 =(ij) 5




Sh
(i)

h i n h i h io
H p(t+1)( (t+1)) max H Q(t)( (t)) ‘H p(t)( (t)) :

HP()] H[P( )] =

h [
ptrd) D)y = M p® ( ()

Q( MV My Lyp®( M)
)

h i X h i
H P ( (t+D)) POCYH QO ( My 1y .
& h i
p(t)( (t))H Q(t)( ) :
“h i P
H QY() ; wPO(W)=1":

H P(1+1)( (t+1)) H P(t)( (t))
(t)

h i
Pt ( (HDy = Q) pO) ( ().

Q(t)( (t))P(t)(( (t)) 1 (t+1)):

(1)

26 P()logP ()



Entropy with respect to number of shuffles
Dp el

ir LR et~ D et RLS e
LA o
",4" o -‘.-
0oF S
f ‘ 2,
R e
08l v '_' N 'F’
A s,
'
07l g '] 4
.’ . 'l
g .
087 9!’ 0
< 1
Dosk [ :.
o o
I [LIRN
04 "1 -
ll.'
ead
oaf [ B
iy
'
02-fat
=l
i
"
0.1
i | i
2 4 6 8 12 14
# shuffles
n=3;4:::8 H(P)=log(n) =1

L)

)

N

1
OSN|I\D|P—‘

Q()

P(
P(

P(



P( )=0;

P( jz)
Z
P(zj ) P()
P(jz)= P(zj) P():
P L(zj )
= L(zj )
P() Lopw
h i
Lopw
f g (n)
AR
f* 0 f()al)
R > g 2G
1
f = — T
() aC) iG] R ()
h i



A B (A B)=( A) ( B)
(A B) (C D)= AC BD

A n n C n n
A= C 1AC
p A n n L Bi p m; m
imi=n (A C iB))= i (A B) | A
A Bi ( iBi)
2G 9
(o) = L a ()#"ix ()
J iGj iGj
2X h i
= & dd T O 0O
n n U = (uij) m
nm nm
0
UiV U2V iir upnV
U v= % UpaV UV iif UV E
Un:1V  Up2V il UV
T () o' () = T () 0" ()
= foe (O ()
0




1

2G

f() a()=

1 X

iGi
iGi
iGi

iGi

2X
2X

2X

fg

)
3
()5



1 2X T

= = d d ct @0 c
iGj
ct ( () () C
1 2X M M !
C A = — d d AT ()
iGj o
1 X X X
= d d d d 1A( )
iGJ2 . ()
20 15 3
1 X § X X d d -
= — @ AGIA g:
iGj o 4 IGj O
O
z
« 5 )
z >0
_ 1 = )
Z(ny;; = 0 )
(n)( ):1 2 Sn
(n L) (n L) () (L) (no22) (0 2L1);
_ 1 (Mm LHYm 22) (" 211) .
Zn L0 1Y T -
(n) (n 11)
(n 22)
(n 21;1) (n)

(n 1) (n 22 (n 211



Ss3

;g :S3! R
g
2:1) L1y (LY 2;1) ;1) 2;1)
Z2;1):(1:1;1); Z(1;1;1):(2;0); Z2:1):(2:1);
=(3)
=(2;1
=(1;11)
0 1 0o 1
Cemy win = 1 o Cany @n = 1 ¢
2 3
p__ 1 0 1 0
_ 2§ 0 1 0 1 é
Ceny e %539 1 o0 15°
1 0 1 o0

Agy @y =

Agy @1 =

T .
Cony ann few Oy Cen @iy

T .
Chiiy ey fwiy G Cawny @

_ T .
Aey @y = Chiy ey fen ey Cewy @
1 h i
1d g ®3) = @ fI\(3) g(3) + TA(l;l;l) g (1;1;1) +4 A(2;l) (2;1) 1.1 ;
1
d g e 3l fl\(z;l) g @ T (\(3) g ey ¥ A(12l;l) (2:1)
: |
tAey @y *2 A @1 o323
1 h i
Id g9 (1:1;2) = 31 fl\(s) ¢ @y T fl\(l;l:n g @ +4 A(2:1) (2:1) 4:4 ;
[A]a:b;c:d A
b c d

1,32 .



Q(t) po >
F‘}(Hl) 2
2 p(t+) an B

p_-
— 9. _ 3=2 3=2 -
Q (3) _2, p @21 p§:2 1:2 ; p @i _0.
e
p_
Aew aam = g o ¢ Awin @ = % E’i g
2 J p§ 12’ 5p§ 3
1 2 _
Aew e = 3_2§ 3%3 22&05 643 49145 L
1 3 23 p§ 13
h i h i h I
i : 10 _
SR LA
3 (2:1) (1:1;1)

=(1,;2)

@2 @3] @3 | @23 ] @32

P() 0 1 0 0 0 0

MIN 5
MIN

D MIN

1
—



z CGseries( ; )
C CGcoefficients ( ; ) A ct P C

2 b z 60
h=1 iz L \
L\op® Lopw 4+ 29 AGD) AL
G A
|
Lopw
™ h i h i
2 Lop® Lop
MIN = (n 211) (M (0 LY (n 22)

(n 2;1;1)

PO (1) = (k")

P()



Energy Preserved by Fourier Projection

Bandlimiting Error

0 0.2 0.4 0.6 0.8 1

H[P]/log(n!)
y -P0-2
=
P
t>0



Sa
-~

————

B

-

7

.
.
.
.
G
-
] e
' .
A ’
.
~ PR
Sam

H
JA Y 7 @

.

HH

> =5 > P B T f
1
¥ AW

S ooaam
. mrme) TR 0 H

1
&)]

1

()]

MIN = (3;1;1) 4;1;1)

(3;1;1) (3;2) n=5 (4;1;1) (4;2)

MIN =(n p; 2;::0)

D(n q; 2;::0)

exact =f ¢ DM jp q;:)g

n==6



[0;1]

P(C o (k)=(EiN=PC o k) =(5i));



P()= P(i;j)= P(;k):

i K
Oth
p(t)
p ()
Lo
L, Sh
X 1 X T
(f()g())2=ja d A A
X T .
me d el T p e
h2 i
f'prol =1;
2 ™Mo ) 1 3
M 1V ,
4C MIN @ f,\proj A CTMIN 5 0; (I;J )
D MIN =1 i
K MIN C MIN

Sn



1 h i

e g @ - 3 hfl\(s) g(s) +4 A(2;1) @1 11 ; .
1 i
'd g @y 5 (\(2;1) g(s) + fA(s) g(2;1) +2 A(2;1) @:1) 2:3:2:3 ;
h i h i
i - : _ 10=9 77400
R 0 P( i) ow T 77400 43
3
|A B C
B g 0 11=9 29 é
2;1) 1 0 O .
0 2=9 11=9
3
|A B C
0 1 0
Iﬁ ;1) g 1 0 0 Z ’
0 0 1

P @ p



8
< p =
Qi()=. 1 p =(ij)
0
Qj Q()=0
0
8 =p+@ p (i)
' d d (&5 )
(i;J)
k
k
5 L()=P@z =k )= )
Kk Ok =1 L()=P(z = Kj)
K n K
2 3
|k= k = k = k =
\ -§ )= 1=2 1=4 1=4 0 Z
O™ ) 1=4 0 0 34
()= 0 1=2 1=2 0
h i X X
Py = P(z =kj)= Ok
Yt G)=ig f:()=ig
ij
i= j
pij
k X
pij = ik =(n 1)! ik -



j 6" j

Cij
X
p; = C)k
fo()=i
\ (1)=1g X
= )k
";(6if D)= (1)=mg
= n 2! qk:
méi
S3
(n 1;1)
| 3
o i =2 1 T}
(n 1L 5~ 1=2 1= 1=
3= 3= 0
0 IO?3:4
Ca =15 Cen = 0 34 Loy =0:
Sh n
0(n?)
Sh

P(:c o)/ exp( cd(; o));



a(;



bij

b

;) | oexp
P(;

l;l)( ) .
(n



ZSn

O(n!logn!)

D
0(D3n?)

L1



KL error (averaged over 10 runs)

KL(true||bandlimited approximation)

0.035¢
=©-1=(n-1,1), m=(n-1,1)
0.031 == =(n-2,2), n¥(n-1,1)
o, 1 =(n-2,1,1), me(n-1,1)
oost B 1 =(n-2.2), me(n-2.2)
| |'B1=(n-211) m=(n-22)
0.02p B I =(n-2,1,1), m(n-2,1,1)
0.015} ﬂ.ﬂn
0011 ﬂ'ﬂ.nn
| a
0.005} o 88 88989 8g
0
0

Running time in seconds

# Mixing Events

Running time of 10 forward algorithm iterations

5
=©=1 "N=(n.1,1)
B | MN=(n-2,2) k .
1 MN=(n-2,1,1) .
.
== Exact o
I .
4
K
B
B
N
2t B
B
5
B
B
1F J

O(n3n!)

Projection versus No Projection (n=6)

0.6l & (n-1,1), w/o Projection [»]
s & (n-2,2), w/o Projection .
% 705 (n-2,1,1), w/o Projection S
g qg) =B (n-1,1), w/Projection .
5 o 0.4)©(n-2,2), w/Projection .
g & <9~ (n-2,1,1), w/Projection J 'O
% @ 0.3 =@=Uniform distribution
— O
% T
s 8%
201

N w N 3
=] =] o S

N
[S)

(fraction of nonzero coefficients)‘1

o

0.2 0.4 0.6 0.8
Fraction of Observation events

Sparsity of Clebsch-Gordan coefficients

=©-(n-1,1) A (n-1,1)
o (n-2,2) A (n-1,1)

[=€- (n-2,1,1) A (n-1,1) 0’




50%
70%

O((nh?)
o(nn)

0(D?n?) 0(D3n?)



0.25

0.2

0.15

L1 error at 1st order Marginals

o o
© N o N
[ o N a

o
o
a

L1 error at 1st order Marginals

0.1r

Per timeslice accuracy

< (n-2,1,1), w/o Projection
=-(n-2,1,1), w/Projection
=#=Uniform distribution

onn

PSRN L Lk

r
£
1

%
N
. .,‘ )

¢ | (n-2,1,1), wio Projection
=-(n-2,1,1), w/Projection

n==6 30% 70%



@
o

.

w/o Projection
\
|

o
o

N
(=

[N]
o

% Tracks correctly Identified
= w
o o

o

P() P
P=E p[()

(i)

SO(3)
SO(@3)















2|

=(3,;2)



2|4 34 2[5 3|5 4|5
25, t
t
) 1]2[3] _ [2]1]3].
(1:2) 5]  ~ [4]5]
t t
(3;2)
(3;2)
=352
=(3;2)
5]. |
; 3
(3;2)
f1,2;3;4g
(3;2)
(2;2) (3;1) (2;2)
1[3]. [1]2
2[4]" [3]a
(3;1)
1[3]4]. [1]2]4]. [1]2]3] .
12] K] T4 '
(3;2)
1[3]5]. 125|[ 1[3]4]. [1]2]4]. [1]2]3] .
2[4] ' [3]4 2|5 3[5] ' [4]5 ‘
d (i5§ ) [ i

di(i;j) (col(t;j) col(t;i)) (row(t;j) row(t;i));

row(t;i) [ t col(t;i)
[ t



i1
3 4
t = [1[2]3]
di(3;4)= col ;4 col ;3 row ;4 row ;3
=1 3) (2 1= 3
ty;iity
() t1 to
()
(tj 5 tx)
(i L)
[ G i),
(tj: tw) (i 1)
j 8k (G L) t)
(tj s tw) (t:t)
[ (i 1;i)]ti;ti:1:d[j(i 10);
dy (i L)
(tj ; tk) (ti; (0 Li) t)
q
[ (i 1ii)]t,»; G = 1 1:c{2](i L0):
(i i) g
=(i L;i) t t
i 1 i
t
i1 I t I I
t i1 i

S I




(i L)
d d
t
d (col(t;i) col(t;i 1)) (row(t;i) row(t;i 1))
(t;t) 1=d
i 1 i D t
(i L))t 1 1=
i i1 t
e [ - B
i1 i t
t
i1 i
oo (I - i
(i L) t
i t
(3;2)
=(i Li)=@:4
(3:2)
(3;2) t t
3 4 tj
i
1[3]5] 1[2]5] 1[3[4] 1[2]4] 1[2]3]
t; 2[4 34 2[5 3|5 415
1[4][5] 1[2][5] 1[4][3] 1[2][3] 1[2]4]
(3;4) 2[3 4]3 2[5 4|5 3|5
B4)
dy; (3;4)




2 3
tl tz t3 t4 t5
11 1
t, 1
@:2)(3:4)= 8 t3 1 q_
ta % g
g_
ts g %
(1,2;5)

(1;2;5) = (4,;5)(3:4)(1;2)(2; 3)(3; 4)(4; 5);

(1,25)= (45 (34 (L2 (23 (34 &5)

Sn



() d d
k O
factors ;
i=1;2;:::;n
j=mn 150+l
< 3G 1
G 1 3G)
k k+1

()

factors (k) j

lg 4

m  length(factors)
j=1;::0m

(factors (j); )

()

()

= (():
1 2

X
J%j () ()

2G

2G



(9);



#( n) n
O(n!) #( n)
Sn
1, 2 (n
pro2i) (nogy2i) 12
n p q
exact = f z =0; 2 D(n q; 2:::)0
z >0 =(n
P; 25 3iii); =(Nn O 25 aiiin) =(n 1 2; 3
rop*+aqp q+r g p+rr rpq
r-qp _ rjp q =(n rn 2)
2 ExacT rjip q O
n
(n Ly (L) () (L) (022 (n 21
(n L) (22 (n L) (n22)  (no2LD) (0 33 (0 32
(n 1) (n 211) (n ;1) (n 22) (n 25,1) (n 3321 (n 3111
(n L) (033 (022 (0 33) (0 32D (0 44 (0 43))

O#( )



X d
G Y
M M
Y()= ()
=1
d
C C X()=Y() C
2G Z
X =
X =
xy;=fC2R*%:C X()=Y() C; 8 2Gg
X:Y]
X:Y]
X:Y]
A;B;C Kag =1 A BT |
AC = CB (C)2 (Kas )
A;B;C
(ABC)= CT A (B)
AC = CB

(ACl)=  (ICB);

Il A BT | (C)=0;

Sn



(C)2 (Kag) [

2 G K()
KC()=1 Y() X() &
I d d C
C X()=Y() G 2G
Nullspace(K ( )):
2G
n! G=5,
G
S=fg;::;0m0 G
S
Sn
n
n 1n
n
X Y G
G 1i-00s m
C C X(i)=Y(i) C i2fl1;:::;mg X
Y cC
cC
G QnG |
i=1 |
I I
Y Y
clty()yc =ctly i c=c!?t Y(i) C

(C*Y(1) CC ' Y(2) C) (C*Y(m) C)
Y Y '
ChY(i)C= X(i)=X i =X()
2G C
X Y O



n! Sh
(1;2) (1;2;:::;n)
(K@;2)\ K(1;2;:::;n))

[X;Y]
[X;Y] X;Y]
[X:Y]
[X:Y]
C
C
[X:Y]
C
Y
Y
y=fS2RY 9 :S Y()=Y() S; 8 2Gg:
Y
Y
M
S= (Mz Id )u
M, z z lg d d
z
Y
[X:Y]
R [X;Y]

y ! RYd f:S7' (S R)

2 G
(SR) X() (SR '=s R X()R!sH
SY()st?t R2  xwv]i
Y() S2 Y .




S R2  |xuj f

[X:Y] Y
Y
[X:Y]
X
dm |xvyy= z%
[X:Y]
Y
M,
R2 [X;Y]
R
RRT =1
RT
X Y
X:Y] R RT
2G R2  [x:u)
X()=R!Y() R:
X( Hh=R ' Y( Y R
X() Y()
XT()=RYT() R:
X()=RT Y() RMH:
R
R X() RT=R RT Y() R HT RT
=R RT Y():
R2  x)
Y()RR' =R R"T Y();

R RT 2 Y

X;Y]

RT



(1;2) 2;::57n) z
X
C cT 2 C =X
Ki laag (% (12) X(@2) lggd
Ko laa (2 @onn) X@iinn) lg g
K [K1;K2] K1 K,
v K:z?2 d?
R (viz d ;d) % (zd) d
M (R RT) M RRT=M Iq
S (M)
C ST R
(C)
R RT
X G Y
R2  x:v;
T TR X:Y]
R RT
RRT= (M, lg)
R RT M,
S;
M,
= (S: la )
(ST R)(ST R)T
S R RT
S,
S
(ST R(S"T R"=s™ R R"T §S;
=St RR'" S;
:D,

D R RT



ST

R 2

ST
ST

[X:Y]
(Sz |d )
ST 2 v
R2  x:v)
T=D%2 T
T R2 X:Y]

M, o z3



