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Abstract

P erm utations are ubiquitous in man y real-w orld problems, suc h as v oting, rank-

ing, and data asso ciation. Represen ting uncertain t y o v er p erm utations is c hal-

lenging, since there are n! p ossibilities, and t ypical compact and factorized prob-

abilit y distribution represen tations, suc h as graphical mo dels, cannot capture

the m utual exclusivit y constrain ts asso ciated with p erm utations. In this pap er,

w e use the �lo w-frequency� terms of a F ourier decomp osition to represen t dis-

tributions o v er p erm utations compactly . W e presen t Kr one cker c onditioning , a

new general and e�cien t approac h for main taining and up dating these distribu-

tions directly in the F ourier domain. Lo w order F ourier-based appro ximations,

ho w ev er, ma y lead to functions that do not corresp ond to v alid distributions. T o

address this problem, w e presen t an e�cien t quadratic program de�ned directly

in the F ourier domain for pro jecting the appro ximation on to a relaxation of the

p olytop e of legal marginal distributions. W e demonstrate the e�ectiv eness of

our approac h on a real camera-based m ulti-p erson trac king scenario.
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Figure 1: When t w o p ersons pass near eac h other, their iden tities can get con-

fused.

1 In tro duction

Probabilit y distributions o v er p erm utations arise in a div erse v ariet y of real

w orld problems. While they w ere p erhaps �rst studied in the con text of gam-

bling and card games, they ha v e no w b een found to b e applicable to man y

imp ortan t problems in m ulti-ob ject trac king, information retriev al, w ebpage

ranking, preference elicitation, and v oting.

As an example, consider the problem of trac king n p ersons based on a set of

noisy measuremen ts of iden tit y and p osition. A t ypical trac king system migh t

attempt to manage a set of n trac ks along with an iden tit y corresp onding to

eac h trac k, in spite of am biguities from imp erfect iden tit y measuremen ts. When

the p ersons are w ell separated, the problem is easily decomp osed and measure-

men ts ab out eac h individual can b e clearly asso ciated with a particular trac k.

When p ersons pass near eac h other, ho w ev er, confusion can arise as their signal

signatures ma y mix; see Figure 1. After the individuals separate again, their

p ositions ma y b e clearly distinguishable, but their iden tities can still b e con-

fused, resulting in iden tit y uncertain t y whic h m ust b e propagated forw ard in

time with eac h p erson, un til additional observ ations allo w for disam biguation.

This task of main taining a b elief state for the correct asso ciation b et w een ob ject

trac ks and ob ject iden tities while accoun ting for lo cal mixing ev en ts and sensor

observ ations, w as in tro duced in (Shin et al., 2003) and is called the identity

management pr oblem .

The iden tit y managemen t problem p oses a c hallenge for probabilistic infer-

ence b ecause it needs to address the fundamen tal com binatorial c hallenge that

there is a factorial n um b er of asso ciations to main tain b et w een trac ks and iden-

tities. Distributions o v er the space of all p erm utations require storing at least
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n! � 1 n um b ers, an infeasible task for all but v ery small n . Moreo v er, t ypical

compact represen tations, suc h as graphical mo dels, cannot e�cien tly capture

the m utual exclusivit y constrain ts asso ciated with p erm utations.

While there ha v e b een man y approac hes for coping with the factorial com-

plexit y of main taining a distribution o v er p erm utations, most attac k the problem

using one of t w o ideas � storing and up dating a small subset of lik ely p erm u-

tations, or, as in our case, restricting consideration to a tractable subspace of

p ossible distributions. (Willsky , 1978) w as the �rst to form ulate the probabilis-

tic �ltering/smo othing problem for group-v alued random v ariables. He prop osed

an e�cien t FFT based approac h of transforming b et w een primal and F ourier

domains so as to a v oid costly con v olutions, and pro vided e�cien t algorithms

for dihedral and metacyclic groups. (Kueh et al., 1999) sho w that probabilit y

distributions on the group of p erm utations are w ell appro ximated b y a small

subset of F ourier co e�cien ts of the actual distribution, allo wing for a principled

tradeo� b et w een accuracy and complexit y . The approac h tak en in (Shin et al.,

2005; Sc h umitsc h et al., 2005; Sc h umitsc h et al., 2006) can b e seen as an algo-

rithm for main taining a particular �xed subset of F ourier co e�cien ts of the log

densit y . Most recen tly , (K ondor et al., 2007) allo w for a general set of F ourier

co e�cien ts, but assume a restrictiv e form of the observ ation mo del in order to

exploit an e�cien t FFT factorization.

In this w ork

1

, w e presen t sev eral con tributions whic h generalize and impro v e

up on the past related w ork. W e presen t a new and simple algorithm, called

Kr one cker Conditioning , whic h p erforms all probabilistic inference op erations

completely in the F ourier domain, allo wing for a principled tradeo� b et w een

computational complexit y and appro ximation accuracy . Our approac h is fully

general, in the sense that it can address an y transition mo del or lik eliho o d

function that can b e represen ted in the F ourier domain, suc h as those used in

previous w ork, and can represen t the probabilit y distribution using an y desired

n um b er of F ourier co e�cien ts. W e analyze the errors whic h can b e in tro duced

b y bandlimiting a probabilit y distribution and sho w ho w they propagate with

resp ect to inference op erations. Appro ximate conditioning based on bandlimited

distributions can sometimes yield F ourier co e�cien ts whic h do not corresp ond

to an y v alid distribution, ev en returning negativ e �probabilities� on o ccasion

� w e address this issue b y presen ting a metho d for pro jecting the result bac k

in to the p olytop e of co e�cien ts whic h corresp ond to nonnegativ e and consisten t

marginal probabilities using an e�cien t quadratic program. Finally , w e empir-

ically ev aluate the accuracy of appro ximate inference on sim ulated data dra wn

from our mo del and further demonstrate the e�ectiv eness of our approac h on a

real camera-based m ulti-p erson trac king scenario.

1

A shorter v ersion this w ork app eared in (Huang et al., 2007). W e pro vide a more complete

discussion of our F ourier based metho ds in this extended pap er.
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(a) Before (b) After

Figure 2: Iden tit y Managemen t example. Three p eople, Alice, Bob and Charlie

en ter a ro om and w e receiv e a p osition measuremen t for eac h p erson at eac h

time step. With no w a y to observ e iden tities inside the ro om, ho w ev er, w e are

confused whenev er t w o trac ks get to o close. In this example, trac k 1 crosses with

trac k 2, then with trac k 3, then lea v es the ro om, at whic h p oin t it is observ ed

that the iden tit y at T rac k 1 is in fact Bob.

2 Filtering o v er p erm utations

As a prelude to the general problem statemen t, w e b egin with a simple iden tit y

managemen t problem on three trac ks (illustrated in Figure 2) whic h w e will use

as a running example. In this problem, w e observ e a stream of lo calization data

from three p eople w alking inside a ro om. Except for a camera p ositioned at the

en trance, ho w ev er, there is no w a y to distinguish b et w een iden tities once they

are inside. In this example, an in ternal trac k er declares that t w o trac ks ha v e

`mixed' whenev er they get to o close to eac h other and announces the iden tit y

of an y trac k that en ters or exits the ro om.

In our particular example, three p eople, Alice, Bob and Cath y , en ter a ro om

separately , w alk around, and w e observ e Bob as he exits. The ev en ts for our

particular example in the �gure are recorded in T able 1. Since T rac ks 2 and 3

nev er mix, w e kno w that Cath y cannot b e in T rac k 2 in the end, and furthermore,

since w e observ e Bob to b e in T rac k 1 when he exits, w e can deduce that Cath y

m ust ha v e b een in T rac k 3, and therefore Alice m ust ha v e b een in T rac k 2.

Our simple example illustrates the com binatorial nature of the problem � in

particular, reasoning ab out the mixing ev en ts allo ws us to exactly decide where

Alice and Cath y w ere ev en though w e only made an observ ation ab out Bob at

the end.

Event # Event T yp e

1 T r acks 1 and 2 mixe d

2 T r acks 1 and 3 mixe d

3 Observe d Identity Bob at T r ack 1

T able 1: T able of Mixing and Observ ation ev en ts logged b y the trac k er.
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In iden tit y managemen t, a p erm utation � represen ts a join t assignmen t of

iden tities to in ternal trac ks, with � (i ) b eing the trac k b elonging to the i th

iden tit y . When p eople w alk to o closely together, their iden tities can b e confused,

leading to uncertain t y o v er � . T o mo del this uncertain t y , w e use a Hidden

Markov Mo del (HMM) on p erm utations, whic h is a join t distribution o v er laten t

p erm utations � (1) ; : : : ; � (T )
, and observ ed v ariables z(1) ; : : : ; z(T )

whic h factors

as:

P(� (1) ; : : : ; � (T ) ; z(1) ; : : : ; z(T ) ) = P(� (1) )P(z(1) j� (1) )
TY

t =2

P(zt j� ( t ) )�P(� ( t ) j� ( t � 1) ):

The conditional probabilit y distribution P(� ( t ) j� ( t � 1) ) is called the tr ansition

mo del , and migh t re�ect, for example, that the iden tities b elonging to t w o

trac ks w ere sw app ed with some probabilit y b y a mixing ev en t. The distribution

P(z( t ) j� ( t ) ) is called the observation mo del , whic h migh t, for example, capture

a distribution o v er the color of clothing for eac h individual.

W e fo cus on �ltering , in whic h one queries the HMM for the p osterior at

some time step, conditioned on all past observ ations. Giv en the distribution

P(� ( t ) jz(1) ; : : : ; z( t ) ) , w e recursiv ely compute P(� ( t +1) jz(1) ; : : : ; z( t +1) ) in t w o

steps: a pr e diction/r ol lup step and a c onditioning step. T ak en together, these

t w o steps form the w ell kno wn F orwar d A lgorithm ((Rabiner, 1989)). The

prediction/rollup step m ultiplies the distribution b y the transition mo del and

marginalizes out the previous time step:

P(� ( t +1) jz(1) ; : : : ; z( t ) ) =
X

� ( t )

P(� ( t +1) j� ( t ) )P(� ( t ) jz(1) ; : : : ; z( t ) ):

The conditioning step conditions the distribution on an observ ation z( t +1)
using

Ba y es rule:

P(� ( t +1) jz(1) ; : : : ; z( t +1) ) / P(z( t +1) j� ( t +1) )P(� ( t +1) jz(1) ; : : : ; z( t ) ):

Since there are n! p erm utations, a single iteration of the algorithm requires

O((n!)2) �ops and is consequen tly in tractable for all but v ery small n . The

approac h that w e adv o cate is to main tain a compact appro ximation to the true

distribution based on the F ourier transform. As w e discuss later, the F ourier

based appro ximation is equiv alen t to main taining a set of lo w-order marginals,

rather than the full join t, whic h w e regard as b eing analogous to an Assume d

Density Filter ((Bo y en & K oller, 1998)). Although w e fo cus on HMMs and �l-

tering for concreteness, the approac h w e describ e is useful for other probabilistic

inference tasks o v er p erm utations, suc h as ranking ob jects and mo deling user

preferences.
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3 Probabilit y Distributions o v er the Symmetric

Group

A p erm utation on n elemen ts is a one-to-one mapping of the set f 1; : : : ; ng in to

itself and can b e written as a tuple,

� = [ � (1) � (2) : : : � (n)];

where � (i ) denotes where the i th elemen t is mapp ed under the p erm utation

(called one line notation ). F or example, � = [2 3 1 4 5] means that � (1) = 2 ,

� (2) = 3 , � (3) = 1 , � (4) = 4 , and � (5) = 5 . The set of all p erm utations on n
elemen ts forms a group under the op eration of function comp osition � that is,

if � 1 and � 2 are p erm utations, then

� 1� 2 = [ � 1(� 2(1)) � 1(� 2(2)) : : : � 1(� 2(n))]

is itself a p erm utation. The set of all n! p erm utations is called the Symmetric

Gr oup , or just Sn .

W e will actually notate the elemen ts of Sn using the more standard cycle

notation , in whic h a cycle (i; j; k; : : : ; ` ) refers to the p erm utation whic h maps

i to j , j to k , : : : , and �nally ` to i . Though not ev ery p erm utation can b e

written as a single cycle, an y p erm utation can alw a ys b e written as a pro duct of

disjoin t cycles. F or example, the p erm utation � = [2 3 1 4 5] written in cycle

notation is � = (1 ; 2; 3)(4)(5) . The n um b er of elemen ts in a cycle is called the

cycle length and w e t ypically drop the length 1 cycles in cycle notation when it

creates no am biguit y � in our example, � = (1 ; 2; 3)(4)(5) = (1 ; 2; 3). W e refer

to the iden tit y p erm utation (whic h maps ev ery elemen t to itself ) as � .

A probabilit y distribution o v er p erm utations can b e though t of as a join t

distribution on the n random v ariables (� (1); : : : ; � (n)) sub ject to the mutual

exclusivity c onstr aints that P(� : � (i ) = � (j )) = 0 whenev er i 6= j . F or ex-

ample, in the iden tit y managemen t problem, Alice and Bob cannot b oth b e

in T rac k 1 sim ultaneously . Due to the fact that all of the � (i ) are coupled in

the join t distribution, graphical mo dels, whic h migh t ha v e otherwise exploited

an underlying conditional indep endence structure, are ine�ectiv e. Instead, our

F ourier based appro ximation ac hiev es compactness b y exploiting the algebr aic

structur e of the problem.

3.1 Compact summary statistics

While con tin uous distributions lik e Gaussians are t ypically summarized using

momen ts (lik e mean and v ariance), or more generally , exp ected features, it is

not immediately ob vious ho w one migh t, for example, compute the `mean' of a

distribution o v er p erm utations. There is a simple metho d that migh t spring to

mind, ho w ev er, whic h is to think of the p erm utations as p ermutation matric es

and to a v erage the matrices instead.
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Example 1. F or example, c onsider the two p ermutations �; (1; 2) 2 S3 ( � is the

identity and (1; 2) swaps 1 and 2). W e c an asso ciate the identity p ermutation �
with the 3 � 3 identity matrix, and similarly, we c an asso ciate the p ermutation

(1; 2) with the matrix:

(1; 2) 7!

2

4
0 1 0
1 0 0
0 0 1

3

5 :

The `aver age' of � and (1; 2) is ther efor e:

1
2

2

4
1 0 0
0 1 0
0 0 1

3

5 +
1
2

2

4
0 1 0
1 0 0
0 0 1

3

5 =

2

4
1=2 1=2 0
1=2 1=2 0
0 0 1

3

5 :

As w e will later sho w, computing the `mean' (as describ ed ab o v e) of a dis-

tribution o v er p erm utations, P , compactly summarizes P b y storing a marginal

distribution o v er eac h of � (1); � (2); : : : ; � (n) , whic h requires storing only O(n2)
n um b ers rather than the full O(n!) for the exact distribution. As an example,

one p ossible summary migh t lo ok lik e:

bP =

2

6
6
4

Alice Bob Cath y

T rac k 1 2=3 1=6 1=6
T rac k 2 1=3 1=3 1=3
T rac k 3 0 1=2 1=2

3

7
7
5 :

Suc h doubly sto c hastic ��rst-order summaries� ha v e b een studied in v arious

settings ((Shin et al., 2003; Helm b old & W arm uth, 2007)). In iden tit y manage-

men t ((Shin et al., 2003))

2

, �rst-order summaries main tain, for example,

P( Alice is at T rac k 1 ) = 2 =3;

P( Bob is at T rac k 3 ) = 1 =2:

What cannot b e captured b y �rst-order summaries ho w ev er, are the higher order

statemen ts lik e:

P( Alice is in T rac k 1 and Bob is in T rac k 2 ) = 0 :

Ov er the next t w o sections, w e will sho w that the �rst-order summary of a

distribution P(� ) can equiv alen tly b e view ed as the lo w est frequency co e�cien ts

of the F ourier transform of P(� ) , and that b y considering higher frequencies,

2

Strictly sp eaking, a map from iden tities to trac ks is not a p erm utation since a p erm utation

alw a ys maps a set in to itself. In fact, the set of all suc h iden tit y-to-trac k assignmen ts do es not

actually form a group since there is no w a y to comp ose an y t w o suc h assignmen ts to obtain

a legitimate group op eration. W e abuse the notation b y referring to these assignmen ts as a

group, but really the elemen ts of the group here should b e though t of as the `deviation' from

the original iden tit y-to-trac k assignmen t (where only the trac ks are p erm uted, for example,

when they are confused). In the group theoretic language, there is a faithful group action of

Sn on the set of all iden tit y-to-trac k assignmen ts.

6



w e can capture higher order marginal probabilities in a principled fashion. F ur-

thermore, the F ourier theoretic p ersp ectiv e, as w e will sho w, pro vides a natural

framew ork for form ulating inference op erations with resp ect to our compact

summaries. In a n utshell, w e will view the prediction/rollup step as a con v olu-

tion and the conditioning step as a p oin t wise pro duct � then w e will form ulate

the t w o inference op erations in the F ourier domain as a p oin t wise pro duct and

con v olution, resp ectiv ely .

4 The F ourier transform on �nite groups

Ov er the last �ft y y ears, the F ourier T ransform has b een ubiquitously applied to

ev erything digital, particularly with the in v en tion of the F ast F ourier T ransform.

On the real line, the F ourier T ransform is a w ell-studied metho d for decomp osing

a function in to a sum of sine and cosine terms o v er a sp ectrum of frequencies.

P erhaps less familiar though, is its group theoretic generalization, whic h w e

review in this section with an ey e to w ards appro ximating functions on Sn . F or

further information, see (Diaconis, 1988) and (T erras, 1999).

4.1 Group represen tation theory

The generalized de�nition of the F ourier T ransform relies on the theory of group

represen tations, whic h formalize the concept of asso ciating p erm utations with

matrices and are used to construct a complete basis for the space of functions

on a group G , th us also pla ying a role analogous to that of sin usoids on the real

line.

De�nition 2. A r epr esentation of a group G is a map � from G to a set of

in v ertible d� � d� matrix op erators whic h preserv es algebraic structure in the

sense that for all � 1; � 2 2 G , � (� 1� 2) = � (� 1) � � (� 2) . The matrices whic h lie in

the image of � are called the r epr esentation matric es , and w e will refer to d� as

the de gr e e of the represen tation.

The requiremen t that � (� 1� 2) = � (� 1) � � (� 2) is analogous to the prop ert y

that ei ( � 1 + � 2 ) = ei� 1 � ei� 2
for the con v en tional sin usoidal basis. Eac h matrix

en try , � ij (� ) de�nes some function o v er Sn :

� (� ) =

2

6
6
6
4

� 11(� ) � 12(� ) � � � � 1d� (� )
� 21(� ) � 22(� ) � � � � 2d� (� )

.

.

.

.

.

.

.

.

.

.

.

.

� d� 1(� ) � d� 2(� ) � � � � d� d� (� )

3

7
7
7
5

; (4.1)

and consequen tly , eac h represen tation � sim ultaneously de�nes a set of d2
� func-

tions o v er Sn . W e will ev en tually think of group represen tations as the set of

F ourier basis functions on to whic h w e can pro ject arbitrary functions.

Example 3. W e b e gin by showing thr e e examples of r epr esentations on the

symmetric gr oup.
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1. The simplest example of a r epr esentation is c al le d the trivial represen ta-

tion � (n ) : Sn ! R1� 1
, which maps e ach element of the symmetric gr oup

to 1, the multiplic ative identity on the r e al numb ers. The trivial r epr esen-

tation is actual ly de�ne d for every gr oup, and while it may se em unworthy

of mention, it plays the r ole of the c onstant b asis function in the F ourier

the ory.

2. The �rst-order p erm utation represen tation of Sn , which we al lude d to in

Example 1, is the de gr e e n r epr esentation, � (n � 1;1) (we explain the termi-

nolo gy in Se ction 5) , which maps a p ermutation � to its c orr esp onding

p ermutation matrix given by [� (n � 1;1) (� )] ij = 1 f � (j ) = ig. F or example,

the �rst-or der p ermutation r epr esentation on S3 is given by:

� (2 ;1) (� ) =

2

4
1 0 0
0 1 0
0 0 1

3

5 � (2 ;1) (1; 2) =

2

4
0 1 0
1 0 0
0 0 1

3

5

� (2 ;1) (2; 3) =

2

4
1 0 0
0 0 1
0 1 0

3

5 � (2 ;1) (1; 3) =

2

4
0 0 1
0 1 0
1 0 0

3

5

� (2 ;1) (1; 2; 3) =

2

4
0 0 1
1 0 0
0 1 0

3

5 � (2 ;1) (1; 3; 2) =

2

4
0 1 0
0 0 1
1 0 0

3

5

3. The alternating represen tation of Sn , maps a p ermutation � to the deter-

minant of � (n � 1;1) (� ) , which is +1 if � c an b e e quivalently written as the

c omp osition of an even numb er of p airwise swaps, and � 1 otherwise. W e

write the alternating r epr esentation as � (1 ;:::; 1) with n 1's in the subscript.

F or example, on S4 , we have:

� (1 ;1;1;1) ((1; 2; 3)) = � (1 ;1;1;1) ((13)(12)) = +1 :

The alternating r epr esentation c an b e interpr ete d as the `highest fr e quency'

b asis function on the symmetric gr oup, intuitively due to its high sensitivity

to swaps. F or example, if � (1 ;:::; 1) (� ) = 1 , then � (1 ;:::; 1) ((12)� ) = � 1.

In identity management, it may b e r e asonable to b elieve that the joint

pr ob ability over al l n identity lab els should only change by a little if just

two obje cts ar e mislab ele d due to swapping � in this c ase, ignoring the

b asis function c orr esp onding to the alternating r epr esentation should stil l

pr ovide an ac cur ate appr oximation to the joint distribution.

In general, a represen tation corresp onds to an o v ercomplete set of functions

and therefore do es not constitute a v alid basis for an y subspace of functions.

F or example, the set of nine functions on S3 corresp onding to � (2 ;1) span only

four dimensions, b ecause there are six normalization constrain ts (three on the

ro w sums and three on the column sums), of whic h �v e are indep enden t � and

8



so there are �v e redundan t dimensions. T o �nd a v alid complete basis for the

space of functions on Sn , w e will need to �nd a family of represen tations whose

basis functions are indep enden t, and span the en tire n!-dimensional space of

functions.

In the follo wing t w o de�nitions, w e will pro vide t w o metho ds for construct-

ing a new represen tation from old ones suc h that the set of functions on Sn

corresp onding to the new represen tation is linearly dep endent on the old rep-

resen tations. Somewhat surprisingly , it can b e sho wn that dep endencies whic h

arise amongst the represen tations can alw a ys b e recognized in a certain sense,

to come from the t w o p ossible follo wing sources ((Serre, 1977)).

De�nition 4.

1. Equiv alence. Giv en a represen tation � 1 and an in v ertible matrix C , one

can de�ne a new represen tation � 2 b y �c hanging the basis� for � 1 :

� 2(� ) , C � 1 � � 1(� ) � C: (4.2)

W e sa y , in this case, that � 1 and � 2 are e quivalent as represen tations

(written � 1 � � 2 ), and the matrix C is kno wn as the intertwining op er ator .

Note that d� 1 = d� 2 .

It can b e c hec k ed that the functions corresp onding to � 2 can b e recon-

structed from those corresp onding to � 1 . F or example, if C is a p erm uta-

tion matrix, the matrix en tries of � 2 are exactly the same as the matrix

en tries of � 1 , only p erm uted.

2. Direct Sum. Giv en t w o represen tations � 1 and � 2 , w e can alw a ys form

a new represen tation, whic h w e will write as � 1 � � 2 , b y de�ning:

� 1 � � 2(� ) ,
�

� 1(� ) 0
0 � 2(� )

�
:

� 1 � � 2 is called the dir e ct sum r epr esentation . F or example, the direct

sum of t w o copies of the trivial represen tation is:

� (n ) � � (n ) (� ) =
�

1 0
0 1

�
;

with four corresp onding functions on Sn , eac h of whic h is clearly dep en-

den t up on the trivial represen tation itself.

Most represen tations can b e seen as b eing equiv alen t to a direct sum of

strictly smaller represen tations. Whenev er a represen tation � can b e decom-

p osed as � � � 1 � � 2 , w e sa y that � is r e ducible . As an example, w e no w sho w

that the �rst-order p erm utation represen tation is a reducible represen tation.

Example 5. Inste ad of using the standar d b asis ve ctors f e1; e2; e3g, the �rst-

or der p ermutation r epr esentation � (2 ;1) c an b e e quivalently written with r esp e ct

9



to a new b asis f v1; v2; v3g, wher e:

v1 =
e1 + e2 + e3

je1 + e2 + e3j
;

v2 =
� e1 + e2

j � e1 + e2j
;

v3 =
� e1 � e2 + 2 e3

j � e1 � e2 + 2 e3j
:

T o `change the b asis', we write the new b asis ve ctors as c olumns in a matrix C :

C =

2

4
j j j

v1 v2 v3

j j j

3

5 =

2

6
4

1p
3

�
p

2
2 � 1p

6
1p
3

p
2

2 � 1p
6

1p
3

0 2p
6

3

7
5 ;

and c onjugate the r epr esentation � (2 ;1) by C (as in Equation 4.2) to obtain the

e quivalent r epr esentation C � 1 � � (2 ;1) (� ) � C :

C � 1 � (2 ;1) (� )C =

2

4
1 0 0
0 1 0
0 0 1

3

5 C � 1 � (2 ;1) (1; 2)C =

2

4
1 0 0
0 � 1 0
0 0 1

3

5

C � 1 � (2 ;1) (2; 3)C =

2

6
4

1 0 0
0 1

2

p
3

2

0
p

3
2 � 1

2

3

7
5 C � 1 � (2 ;1) (1; 3)C =

2

6
4

1 0 0
0 1

2 �
p

3
2

0 �
p

3
2 � 1

2

3

7
5

C � 1 � (2 ;1) (1; 2; 3)C =

2

6
4

1 0 0
0 � 1

2 �
p

3
2

0
p

3
2 � 1

2

3

7
5 C � 1 � (2 ;1) (1; 3; 2)C =

2

6
4

1 0 0
0 � 1

2

p
3

2

0 �
p

3
2 � 1

2

3

7
5

The inter esting pr op erty of this p articular b asis is that the new r epr esentation

matric es al l app e ar to b e the dir e ct sum of two smal ler r epr esentations, a trivial

r epr esentation, � (3) as the top left blo ck, and a de gr e e 2 r epr esentation in the

b ottom right which we wil l r efer to as � (2 ;1) .

Ge ometric al ly, the r epr esentation � (2 ;1) c an also b e thought of as the gr oup

of rigid symmetries of the e quilater al triangle with vertic es:

P1 =
� p

3=2
1=2

�
; P2 =

�
�

p
3=2

1=2

�
; P3 =

�
0

� 1

�
:

The matrix � (2 ;1) (1; 2) acts on the triangle by r e�e cting ab out the x -axis, and

� (2 ;1) (1; 2; 3) by a �= 3 c ounter-clo ckwise r otation.

In general, there are in�nitely man y reducible represen tations. F or example,

giv en an y dimension d, there is a represen tation whic h maps ev ery elemen t of a

group G to the d � d iden tit y matrix (the direct sum of d copies of the trivial

represen tation). Ho w ev er, for an y �nite group, there exists a �nite collection of

10



� � (3) � (2 ;1) � (1 ;1;1)

� 1
�

1 0
0 1

�
1

(1; 2) 1
�

� 1 0
0 1

�
� 1

(2; 3) 1
�

1=2
p

3=2p
3=2 � 1=2

�
� 1

(1; 3) 1
�

1=2 �
p

3=2
�

p
3=2 � 1=2

�
� 1

(1; 2; 3) 1
�

� 1=2 �
p

3=2p
3=2 � 1=2

�
1

(1; 3; 2) 1
�

� 1=2
p

3=2
�

p
3=2 � 1=2

�
1

T able 2: The irreducible represen tation matrices of S3 .

atomic represen tations whic h can b e used to build up an y other represen tation

using the direct sum op eration. These represen tations are referred to as the

irr e ducibles of a group, and they are de�ned simply to b e the collection of

represen tations (up to equiv alence) whic h are not reducible. It can b e sho wn

that an y represen tation of a �nite group G is equiv alen t to a direct sum of

irreducibles ((Diaconis, 1988)), and hence, for an y represen tation � , there exists

a matrix C for whic h

C � 1 � � � C =
M

�

z�M

j =1

�;

where � ranges o v er all distinct irreducible represen tations of the group G , and

the inner � refers to some �nite n um b er ( z� ) of copies of eac h irreducible � .

As it happ ens, there are only three irreducible represen tations of S3 ((Dia-

conis, 1988)), the trivial represen tation � (3) , the degree 2 represen tation � (2 ;1) ,

and the alternating represen tation � (1 ;1;1) . The complete set of irreducible rep-

resen tation matrices of S3 are sho wn in the T able 2. Unfortunately , the analysis

of the irreducible represen tations for n > 3 is far more complicated and w e

p ostp one this more general discussion for Section 5.

4.2 The F ourier transform

The link b et w een group represen tation theory and F ourier analysis is giv en b y

the celebrated Peter-W eyl the or em ((Diaconis, 1988; T erras, 1999; Sagan, 2001))

whic h sa ys that the matrix en tries of the irreducibles of G form a c omplete set

11



of ortho gonal basis functions on G .

3

The space of functions on S3 , for example,

is orthogonally spanned b y the 3! functions � (3) (� ) , [� (2 ;1) (� )]1;1 , [� (2 ;1) (� )]1;2 ,

[� (2 ;1) (� )]2;1 , [� (2 ;1) (� )]2;2 and � (1 ;1;1) (� ) , where [� (� )] ij denotes the (i; j ) en try

of the matrix � (� ) .

As a replacemen t for pro jecting a function f on to a complete set of sin usoidal

basis functions (as one w ould do on the real line), the P eter-W eyl theorem

suggests instead to pro ject on to the basis pro vided b y the irreducibles of G . As

on the real line, this pro jection can b e done b y computing the inner pro duct

of f with eac h elemen t of the basis, and w e de�ne this op eration to b e the

generalized form of the F ourier T ransform.

De�nition 6. Let f : G ! R b e an y function on a group G and let � b e an y

represen tation on G . The F ourier T r ansform of f at the represen tation � is

de�ned to b e the matrix of co e�cien ts:

f̂ � =
X

�

f (� )� (� ): (4.3)

The collection of F ourier T ransforms at all irreducible represen tations of G form

the F ourier T r ansform of f .

There are t w o imp ortan t p oin ts whic h distinguish this F ourier T ransform

from its familiar form ulation on the real line � �rst, the outputs of the transform

are matrix-v alued, and second, the inputs to f̂ are r epr esentations of G rather

than real n um b ers. As in the familiar form ulation, the F ourier T ransform is

in v ertible and the in v ersion form ula is explicitly giv en b y the F ourier In v ersion

Theorem.

Theorem 7 (F ourier In v ersion Theorem) .

f (� ) =
1

jGj

X

�

d� � T r

h
f̂ T

� �
� � � (� )

i
; (4.4)

wher e � indexes over the c ol le ction of irr e ducibles of G .

Note that the trace term in the in v erse F ourier T ransform is just the `ma-

trix dot pro duct' b et w een f̂ � � and � � (� ) , since T r

�
AT � B

�
= hv ec (A); v ec (B )i ,

where b y v ec w e mean mapping a matrix to a v ector on the same elemen ts

arranged in column-ma jor order.

W e no w pro vide sev eral examples for in tuition. F or functions on the real line,

the F ourier T ransform at zero frequency giv es the DC comp onen t of a signal.

The same holds true for functions on a group; If f : G ! R is an y function,

3

T ec hnically the P eter-W eyl result, as stated here, is only true if all of the represen tation

matrices are unitary . That is, � (� ) � � (� ) = I for all � 2 Sn , where the matrix A �
is the

conjugate transp ose of A . F or the case of real-v alued (as opp osed to complex-v alued) matrices,

ho w ev er, the de�nitions of unitary and orthogonal matrices coincide.

While most represen tations are not unitary , there is a standard result from represen ta-

tion theory whic h sho ws that for any represen tation of G , there exists an equiv alen t unitary

represen tation.
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then since � (n ) = 1 , the F ourier T ransform of f at the trivial represen tation

is constan t, with f̂ � ( n ) =
P

� f (� ) . Th us, for an y probabilit y distribution P ,

w e ha v e P̂� ( n ) = 1 . If P w ere the uniform distribution, then P̂� = 0 at ev ery

irreducible � except at the trivial represen tation.

The F ourier T ransform at � (n � 1;1) also has a simple in terpretation:

[f̂ � ( n � 1 ; 1) ]ij =
X

� 2 Sn

f (� )[� (n � 1;1) (� )] ij =
X

� 2 Sn

f (� )1 f � (j ) = ig =
X

� :� ( j )= i

f (� ):

The set � ij = f � : � (j ) = ig is the set of the (n � 1)! p ossible p erm utations

whic h map elemen t j to i . In iden tit y managemen t, � ij can b e though t of as

the set of assignmen ts whic h, for example, ha v e Alice at T rac k 1. If P is a distri-

bution, then P̂� ( n � 1 ; 1) is a matrix of �rst-or der marginal probabilities, where the

(i; j ) -th elemen t is the marginal probabilit y that a random p erm utation dra wn

from P maps elemen t j to i .

Example 8. Consider the fol lowing pr ob ability distribution on S3 :

� � (1; 2) (2; 3) (1; 3) (1; 2; 3) (1; 3; 2)
P(� ) 1=3 1=6 1=3 0 1=6 0

The set of al l �rst or der mar ginal pr ob abilities is given by the F ourier tr ans-

form at � (2 ;1) :

bP� (2 ; 1) =

2

6
6
4

A B C
1 2=3 1=6 1=6
2 1=3 1=3 1=3
3 0 1=2 1=2

3

7
7
5 :

In the ab ove matrix, e ach c olumn j r epr esents a mar ginal distribution over the

p ossible tr acks that identity j c an map to under a r andom dr aw fr om P . W e

se e, for example, that A lic e is at T r ack 1 with pr ob ability 2/3, or at T r ack 2

with pr ob ability 1/3. Simultane ously, e ach r ow i r epr esents a mar ginal distri-

bution over the p ossible identities that c ould have b e en mapp e d to tr ack i under

a r andom dr aw fr om P . In our example, Bob and Cathy ar e e qual ly likely to

b e in T r ack 3, but A lic e is de�nitely not in T r ack 3. Sinc e e ach r ow and e ach

c olumn is itself a distribution, the matrix

bP� (2 ; 1) must b e doubly sto chastic. W e

wil l elab or ate on the c onse quenc es of this observation later.

The F ourier tr ansform of the same distribution at al l irr e ducibles is:

bP� (3) = 1 ; bP� (2 ; 1) =
�

1=4
p

3=4p
3=4 1=4

�
; bP� (1 ; 1 ; 1) = 0 :

The �rst-order p erm utation represen tation, � (n � 1;1) , captures the statistics

of ho w a random p erm utation acts on a single ob ject irresp ectiv e of where all

of the other n � 1 ob jects are mapp ed, and in doing so, compactly summa-

rizes the distribution with only O(n2) n um b ers. Unfortunately , as men tioned in
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Section 3, the F ourier transform at the �rst-order p erm utation represen tation

cannot capture more complicated statemen ts lik e:

P( Alice and Bob o ccup y T rac ks 1 and 2 ) = 0 :

T o a v oid collapsing a w a y so m uc h information, w e migh t de�ne ric her summary

statistics that migh t capture `higher-order' e�ects. W e de�ne the se c ond-or der

unor der e d p ermutation r epr esentation b y:

[� (n � 2;2) (� )]f i;j g;f k;` g = 1 f � (f k; `g) = f i; j gg;

where w e index the matrix ro ws and columns b y unordered pairs f i; j g. The

condition inside the indicator function states that the represen tation captures

whether the pair of ob jects f k; `g maps to the pair f i; j g, but is indi�eren t with

resp ect to the ordering; i.e., either k 7! i and ` 7! j , or , k 7! j and ` 7! i .

Example 9. F or n = 4 , ther e ar e six p ossible unor der e d p airs: f 1; 2g, f 1; 3g, f 1; 4g, f 2; 3g, f 2; 4g,

and f 3; 4g. The matrix r epr esentation of the p ermutation (1; 2; 3) is:

� (2 ;2) (1; 2; 3) =

2

6
6
6
6
6
6
6
4

f 1; 2g f 1; 3g f 1; 4g f 2; 3g f 2; 4g f 3; 4g
f 1; 2g 0 0 0 1 0 0
f 1; 3g 1 0 0 0 0 0
f 1; 4g 0 0 0 0 1 0
f 2; 3g 0 1 0 0 0 0
f 2; 4g 0 0 0 0 0 1
f 3; 4g 0 0 1 0 0 0

3

7
7
7
7
7
7
7
5

:

The se c ond or der or der e d p ermutation r epr esentation , � (n � 2;1;1) , is de�ned

similarly:

[� (n � 2;1;1) (� )]( i;j ) ;(k;` ) = 1 f � ((k; ` )) = ( i; j )g ;

where (k; ` ) denotes an or der e d pair. Therefore, [� (n � 2;1;1) (� )]( i;j ) ;(k;` ) is 1 if

and only if � maps k to i and ` to j .

As in the �rst-order case, the F ourier transform of a probabilit y distribu-

tion at � (n � 2;2) , returns a matrix of marginal probabilities of the form: P(� :
� (f k; `g) = f i; j g) , whic h captures statemen ts lik e, "Alice and Bob o ccup y

T rac ks 1 and 2 with probabilit y 1/2". Similarly , the F ourier transform at

� (n � 2;1;1) returns a matrix of marginal probabilities of the form P(� : � ((k; ` )) =
(i; j )) , whic h captures statemen ts lik e, "Alice is in T rac k 1 and Bob is in T rac k

2 with probabilit y 9/10".

W e can go further and de�ne third-order represen tations, fourth-order rep-

resen tations, and so on. In general ho w ev er, the p erm utation represen tations

as they ha v e b een de�ned ab o v e are reducible, in tuitiv ely due to the fact that

it is p ossible to reco v er lo w er order marginal probabilities from higher order

marginal probabilities. F or example, one can reco v er the normalization con-

stan t (corresp onding to the trivial represen tation) from the �rst order matrix

of marginals b y summing across either the ro ws or columns, and the �rst order

marginal probabilities from the second order marginal probabilities b y summing

across appropriate matrix en tries. T o truly lev erage the mac hinery of F ourier

analysis, it is imp ortan t to understand the F ourier transform at the irreducibles

of the symmetric group, and in the next section, w e sho w ho w to deriv e the ir-

reducible represen tations of the Symmetric group b y �rst de�ning p erm utation

represen tations, then �subtracting o� the lo w er-order e�ects�.
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5 Represen tation theory on the Symmetric group

In this section, w e pro vide a brief in tro duction to the represen tation theory

of the Symmetric group. Rather than giving a fully rigorous treatmen t of the

sub ject, our goal is to giv e some in tuition ab out the kind of information whic h

can b e captured b y the irreducible represen tations of Sn . Roughly sp eaking,

w e will sho w that F ourier transforms on the Symmetric group, instead of b eing

indexed b y frequencies, are indexed b y p artitions of n (tuples of n um b ers whic h

sum to n ), and certain partitions corresp ond to more complex basis functions

than others. F or pro ofs, w e p oin t the reader to consult: ((Diaconis, 1989; James

& Kerb er, 1981; Sagan, 2001; V ershik & Ok ounk o v, 2006)).

Instead of the singleton or pairwise marginals whic h w ere describ ed in the

previous section, w e will no w fo cus on using the F ourier co e�cien ts of a distri-

bution to query a m uc h wider class of marginal probabilities. As an example, w e

will b e able to compute the follo wing (more complicated) marginal probabilit y

on S6 using F ourier co e�cien ts:

P

0

@� : �

0

@

8
<

:

1 2 3
4 5
6

9
=

;

1

A =

8
<

:

1 2 6
4 5
3

9
=

;

1

A ; (5.1)

whic h w e in terpret as the join t marginal probabilit y that the ro ws of the diagram

on the left map to corresp onding ro ws on the righ t as unordered sets. In other

w ords, Equation 5.1 is the join t probabilit y that unor der e d set f 1; 2; 3g maps to

f 1; 2; 6g, the unordered pair f 4; 5g maps to f 4; 5g, and the singleton f 6g maps

to f 3g.

The diagrams in Equation 5.1 are kno wn as F err er's diagr ams and are com-

monly used to visualize p artitions of n , whic h are de�ned to b e unordered tuples

of p ositiv e in tegers, � = ( � 1; : : : ; � ` ) , whic h sum to n . F or example, � = (3 ; 2)
is a partition of n = 5 since 3 + 2 = 5 . Usually w e write partitions as w eakly

decreasing sequences b y con v en tion, so the partitions of n = 5 are:

(5); (4; 1); (3; 2); (3; 1; 1); (2; 2; 1); (2; 1; 1; 1); (1; 1; 1; 1; 1);

and their resp ectiv e F errers diagrams are:

; ; ; ; ; ; :

A Y oung tabloid is an assignmen t of the n um b ers f 1; : : : ; ng to the b o xes of

a F errers diagram for a partition � , where eac h ro w represen ts an unordered

set. There are 6 Y oung tabloids corresp onding to the partition � = (2 ; 2), for

example:

�
1 2
3 4

�
;
�

1 3
2 4

�
;
�

1 4
2 3

�
;
�

2 3
1 4

�
;
�

2 4
1 3

�
;
�

3 4
1 2

�
:

The Y oung tabloid,

1 2
3 4

, for example, represen ts the t w o underordered sets

f 1; 2g and f 3; 4g, and if w e w ere in terested in computing the join t probabilit y
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that � (f 1; 2g) = f 3; 4g and � (f 3; 4g) = f 1; 2g, then w e could write the problem

in terms of Y oung tabloids as:

P
�

� : �
��

1 2
3 4

��
=

�
3 4
1 2

��
:

In general, w e will b e able to use the F ourier co e�cien ts at irreducible repre-

sen tations to compute the marginal probabilities of Y oung tabloids. As w e shall

see, with the help of the James Submo dule the or em ((James & Kerb er, 1981)),

the marginals corresp onding to �simple� partitions will require v ery few F ourier

co e�cien ts to compute, whic h is one of the main strengths of w orking in the

F ourier domain.

Example 10. Imagine thr e e sep ar ate r o oms c ontaining two tr acks e ach, in

which A lic e and Bob ar e in r o om 1 o c cupying T r acks 1 and 2; Cathy and David

ar e in r o om 2 o c cupying T r acks 3 and 4; and Eric and F r ank ar e in r o om 3

o c cupying T r acks 5 and 6, but we ar e not able to distinguish which p erson is at

which tr ack in any of the r o oms. Then

P

0

@� :

0

@

8
<

:

A B
C D
E F

9
=

;

1

A !

8
<

:

1 2
3 4
5 6

9
=

;

1

A = 1 :

It is in fact, p ossible to recast the �rst-order marginals whic h w ere describ ed

in the previous section in the language of Y oung tabloids b y noticing that,

for example, if 1 maps to 1, then the unordered set f 2; : : : ; ng m ust map to

f 2; : : : ; ng since p erm utations are one-to-one mappings. The marginal proba-

bilit y that � (1) = 1 , then, is equal to the marginal probabilit y that � (1) = 1
and � (f 2; : : : ; ng) = f 2; : : : ; ng. If n = 6 , then the marginal probabilit y written

using Y oung tabloids is:

P
�

� : �
��

2 3 4 5 6
1

��
=

�
2 3 4 5 6
1

��
:

The �rst-order marginal probabilities corresp ond, therefore, to the marginal

probabilities of Y oung tabloids of shap e � = ( n � 1; 1).

Lik ewise, the second-order unordered marginals corresp ond to Y oung tabloids

of shap e � = ( n � 2; 2). If n = 6 again, then the marginal probabilit y that f 1; 2g
maps to f 2; 4g corresp onds to the follo wing marginal probabilit y for tabloids:

P
�

� : �
��

3 4 5 6
1 2

��
=

�
1 3 5 6
2 4

��
:

The second-order or der e d marginals are captured at the partition � = ( n �
2; 1; 1). F or example, the marginal probabilit y that f 1g maps to f 2g and f 2g
maps to f 4g is giv en b y:

P

0

@� : �

0

@

8
<

:

3 4 5 6
1
2

9
=

;

1

A =

8
<

:

1 3 5 6
2
4

9
=

;

1

A :
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And �nally , w e remark that the (1; : : : ; 1) partition of n reco v ers all original

probabilities since it asks for a join t distribution o v er � (1); : : : ; � (n) . The cor-

resp onding matrix of marginals has n! � n! en tries.

T o see ho w the marginal probabilities of Y oung tabloids of shap e � can b e

though t of as F ourier co e�cien ts, w e will de�ne a represen tation (whic h w e call

the p ermutation r epr esentation ) asso ciated with � and sho w that the F ourier

transform of a distribution at a p erm utation represen tation giv es marginal prob-

abilities. W e b egin b y �xing an ordering on the set of p ossible Y oung tabloids,

f t1g; f t2g; : : : , and de�ne the p erm utation represen tation � � (� ) to b e the matrix:

[� � (� )] ij =
�

1 if � (f t j g) = f t i g
0 otherwise

: (5.2)

It can b e c hec k ed that the function � � is indeed a v alid represen tation of the

Symmetric group, and therefore w e can compute F ourier co e�cien ts at � � . If

P(� ) is a probabilit y distribution, then

h
bP� �

i

ij
=

X

� 2 Sn

P(� ) [� � (� )] ij ;

=
X

f � : � ( f t j g)= f t i gg

P(� );

= P(� : � (f t j g) = f t i g);

and therefore, the matrix of mar ginals c orr esp onding to Y oung tabloids of shap e

� is given exactly by the F ourier tr ansform at the r epr esentation � � .

As w e sho w ed earlier, the simplest marginals (the zeroth order normalization

constan t), corresp ond to the F ourier transform at � (n ) , while the �rst-order

marginals corresp ond to � (n � 1;1) , and the second-order unordered marginals

corresp ond to � (n � 2;2) . The list go es on and on, with the marginals getting more

complicated; A t the other end of the sp ectrum, w e ha v e the F ourier co e�cien ts

at the represen tation � (1 ;1;:::; 1) whic h exactly reco v er the original probabilities

P(� ) .

W e use the w ord `sp ectrum' suggestiv ely here, b ecause the di�eren t lev els of

complexit y for the marginals are highly reminiscen t of the di�eren t frequencies

for real-v alued signals, and a natural question to ask is ho w the partitions migh t

b e ordered with resp ect to the `complexit y' of the corresp onding basis functions.

In particular ho w migh t one c haracterize this v ague notion of complexit y for a

giv en partition?

The `correct' c haracterization, as it turns out, is to use the dominanc e or-

dering of partitions, whic h, unlik e the ordering on frequencies, is not a linear

order, but rather, a partial order.

De�nition 11 (Dominance Ordering) . Let �; � b e partitions of n . Then � D �
(w e sa y � dominates � ), if for eac h i ,

P i
k=1 � k �

P i
k=1 � k .

F or example, (4; 2)D(3; 2; 1) since 4 � 3, 4+2 � 3+2 , and 4+2+0 � 3+2+1 .

Ho w ev er, (3; 3) and (4; 1; 1) cannot b e compared with resp ect to the dominance
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(a) Dominance ordering for

n = 6 .

(b) F ourier co e�cien t matrices for S6 .

Figure 3: The dominance order for partitions of n = 6 are sho wn in the left dia-

gram (a). F at F errer's diagrams tend to b e higher in the order and long, skinn y

diagrams tend to b e lo w er. The corresp onding F ourier co e�cien t matrices for

eac h partition (at irreducible represen tations) are sho wn in the righ t diagram

(b). Note that since the F ourier basis functions form a complete basis for the

space of functions on the Symmetric group, there m ust b e exactly n! co e�cien ts

in total.

ordering since 3 � 4, but 3 + 3 � 4 + 1 . The ordering o v er the partitions of

n = 6 is depicted in Figure 3(a).

P artitions with fat F errers diagrams tend to b e greater (with resp ect to dom-

inance ordering) than those with skinn y F errers diagrams. In tuitiv ely , represen-

tations corresp onding to partitions whic h are high in the dominance ordering

are `lo w frequency', while represen tions corresp onding to partitions whic h are

low in the dominance ordering are `high frequency'

4

.

Ha ving de�ned a family of in tuitiv e p erm utation represen tations o v er the

Symmetric group, w e can no w ask whether the p erm utation represen tations are

irreducible or not: the answ er in general, is to the negativ e, due to the fact that

4

The direction of the ordering is sligh tly coun terin tuitiv e giv en the frequency in terpretation,

but is standard in the literature.

18



it is often p ossible to reconstruct lo w er order marginals b y summing o v er the

appropriate higher order marginal probabilities. Ho w ev er, it is p ossible to sho w

that, for eac h p erm utation represen tation � � , there exists a corresp onding irre-

ducible represen tation � � , whic h, lo osely , captures all of the information at the

`frequency' � whic h w as not already captured at lo w er frequency irreducibles.

Moreo v er, it can b e sho wn that there exists no irreducible represen tation b esides

those indexed b y the partitions of n . These remark able results are formalized

in the James Submo dule The or em , whic h w e state here without pro of (see (Di-

aconis, 1988; James & Kerb er, 1981; Sagan, 2001)).

Theorem 12 (James' Submo dule Theorem) .

1. (Uniqueness) F or e ach p artition, � , of n , ther e exists an irr e ducible r ep-

r esentation, � � , which is unique up to e quivalenc e.

2. (Completeness) Every irr e ducible r epr esentation of Sn c orr esp onds to some

p artition of n .

3. Ther e exists a matrix C� asso ciate d with e ach p artition � , for which

CT
� � � � (� ) � C� =

M

� D �

K ��M

` =1

� � (� ); for al l � 2 Sn . (5.3)

4. K �� = 1 for al l p artitions � .

In plain English, part (3) of the James Submo dule theorem sa ys that w e

can alw a ys reconstruct marginal probabilities of � -tabloids using the F ourier

co e�cien ts at irreducibles whic h lie at � and ab ove in the dominance ordering, if

w e ha v e kno wledge of the matrix C� (whic h can b e precomputed using metho ds

detailed in App endix B), and the m ultiplicities K �� . In particular, com bining

Equation 5.3 with the de�nition of the F ourier transform, w e ha v e that

f̂ � � = C� �

2

4
M

� D �

K ��M

` =1

f̂ � �

3

5 � CT
� ; (5.4)

and so to obtain marginal probabilities of � -tabloids, w e simply construct a

blo c k diagonal matrix using the appropriate irreducible F ourier co e�cien ts, and

conjugate b y C� . The m ultiplicities K �� are kno wn as the Kostka numb ers and

can b e computed using Y oung's rule ((Sagan, 2001)). T o illustrate using a few

examples, w e ha v e the follo wing decomp ositions:

� (n ) � � (n ) ;

� (n � 1;1) � � (n ) � � (n � 1;1) ;

� (n � 2;2) � � (n ) � � (n � 1;1) � � (n � 2;2) ;

� (n � 2;1;1) � � (n ) � � (n � 1;1) � � (n � 1;1) � � (n � 2;2) � � (n � 2;1;1) ;

� (n � 3;3) � � (n ) � � (n � 1;1) � � (n � 2;2) � � (n � 3;3) ;

� (n � 3;2;1) � � (n ) � � (n � 1;1) � � (n � 1;1) � � (n � 2;2) � � (n � 2;2)

� � (n � 2;1;1) � � (n � 3;3) � � (n � 3;2;1) :
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In tuitiv ely , the irreducibles at a partition � re�ect the �pure� � th
-order e�ects

of the underlying distribution. In other w ords, the irreducibles at � form a

basis for functions that ha v e �in teresting� � th
-order marginal probabilities, but

uniform marginals at all partitions � suc h that � B � .

Example 13. As an example, we demonstr ate a �pr efer enc e� function which is

�pur ely� se c ond-or der (unor der e d) in the sense that its F ourier c o e�cients ar e

e qual to zer o at al l irr e ducible r epr esentations exc ept � (n � 2;2) (and the trivial

r epr esentation). Consider the function f : Sn ! R de�ne d by:

f (� ) =
�

1 if j� (1) � � (2)j � 1 (mo d n)
0 otherwise

:

Intuitively, imagine se ating n p e ople at a r ound table with n chairs, but with

the c onstr aint that the �rst two p e ople, A lic e and Bob, ar e only happy if they

ar e al lowe d to sit next to e ach other. In this c ase, f c an b e thought of as the

indic ator function for the subset of se ating arr angements (p ermutations) which

make A lic e and Bob happy.

Sinc e f dep ends only on the destination of the unor der e d p air f 1; 2g, its

F ourier tr ansform is zer o at al l p artitions � such that � C (n� 2; 2) ( f̂ � = 0 ). On

the other hand, A lic e and Bob have no individual pr efer enc es for se ating, so the

�rst-or der �mar ginals� of f ar e uniform, and henc e, f̂ (n � 1;1) = 0 . The F ourier

c o e�cients at irr e ducibles c an b e obtaine d fr om the se c ond-or der (unor der e d)

�mar ginals� using Equation 5.3.

CT
(n � 2;2) � P̂� ( n � 2 ; 2) � C(n � 2;2) =

2

6
6
6
6
6
6
6
6
4

Z

0

f̂ � ( n � 2 ; 2)

3

7
7
7
7
7
7
7
7
5

:

The sizes of the irreducible represen tation matrices are t ypically m uc h smaller

than their corresp onding p erm utation represen tation matrices. In the case of

� = (1 ; : : : ; 1) for example, dim � � = n! while dim � � = 1 . There is a sim-

ple com binatorial algorithm, kno wn as the Ho ok F ormula ((Sagan, 2001)), for

computing the dimension of � � . While w e do not discuss it, w e pro vide a few

dimensionalit y computations here (T able 3) to facilitate a dicussion of complex-

it y later. See Figure 3(b) for an example of what the matrices of a complete

F ourier transform on S6 w ould lo ok lik e.

In practice, since the irreducible represen tation matrices are determined only

up to equiv alence, it is necessary to c ho ose a basis for the irreducible represen ta-

tions in order to explicitly construct the represen tation matrices. As in (K ondor

et al., 2007), w e use the Gel'fand-Tsetlin b asis whic h has sev eral attractiv e prop-

erties, t w o adv an tages b eing that the matrices are real-v alued and orthogonal.

See App endix A for details on constructing irreducible matrix represen tations

with resp ect to the Gel'fand-T setlin basis.
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� (n) (n � 1; 1) (n � 2; 2) (n � 2; 1; 1) (n � 3; 3) (n � 3; 2; 1)

dim � � 1 n � 1 n ( n � 3)
2

( n � 1)( n � 2)
2

n ( n � 1)( n � 5)
6

n ( n � 2)( n � 4)
3

T able 3: Dimensions of lo w-order irreducible represen tation matrices.

6 Inference in the F ourier domain

What w e ha v e sho wn th us far, is that there is a principled metho d for compactly

summarizing distributions o v er p erm utations based on the idea of bandlimiting

� sa ving only the lo w-frequency terms of the F ourier transform of a function,

whic h, as w e discussed, is equiv alen t to main taining a set of lo w-order marginal

probabilities. W e no w turn to the problem of p erforming probabilistic inference

using our compact summaries. One of the main adv an tages of viewing marginals

as F ourier co e�cien ts is that it pro vides a natural principle for form ulating

inference, whic h is to rewrite all inference related op erations with resp ect to the

F ourier domain.

The idea of bandlimiting a distribution is ultimately mo ot, ho w ev er, if it b e-

comes necessary to transform bac k to the primal domain eac h time an inference

op eration is called. Naiv ely , the F ourier T ransform on Sn scales as O((n!)2) , and

ev en the fastest F ast F ourier T ransforms for functions on Sn are no faster than

O(n2 � n!) (see (Maslen, 1998) for example). T o resolv e this issue, w e presen t a

form ulation of inference whic h op erates solely in the F ourier domain, allo wing

us to a v oid a costly transform. W e b egin b y discussing exact inference in the

F ourier domain, whic h is no more tractable than the original problem b ecause

there are n! F ourier co e�cien ts, but it will allo w us to in tro duce the bandlim-

iting appro ximation in the next section. There are t w o op erations to consider:

prediction/rollup, and conditioning. The assumption for the rest of this sec-

tion is that the F ourier transforms of the transition and observ ation mo dels are

kno wn. W e discuss metho ds for obtaining the mo dels in Section 8.

6.1 F ourier prediction/rollup

W e will consider one particular class of transition mo dels � that of random

w alks o v er a group, whic h assumes that � ( t +1)
is generated from � ( t )

b y dra w-

ing a random p erm utation � ( t )
from some distribution Q( t )

and setting � ( t +1) =
� ( t ) � ( t ) 5

. In our iden tit y managemen t example, � ( t )
represen ts a random iden-

tit y p erm utation that migh t o ccur among trac ks when they get close to eac h

5

W e place � on the left side of the m ultiplication b ecause w e w an t it to p erm ute trac ks

and not iden tities. Had w e de�ned � to map from trac ks to iden tities (instead of iden tities to

trac ks), then � w ould b e m ultiplied from the righ t. Besides left v ersus righ t m ultiplication,

there are no di�erences b et w een the t w o con v en tions.
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other (what w e call a mixing event ). F or example, Q(1; 2) = 1 =2 means that

T rac ks 1 and 2 sw app ed iden tities with probabilit y 1/2. The random w alk

mo del also app ears in man y other applications suc h as mo deling card sh u�es

((Diaconis, 1988)).

The motiv ation b ehind the random w alk transition mo del is that it allo ws

us to write the prediction/rollup op eration as a c onvolution of distributions on

the Symmetric group. The extension of the familiar notion of con v olution to

groups simple replaces additions and subtractions b y analogous group op erations

(function comp osition and in v erse, resp ectiv ely):

De�nition 14. Let Q and P b e probabilit y distributions on Sn . De�ne the

c onvolution

6

of Q and P to b e the function [Q � P] (� 1) =
P

� 2
Q(� 1� � 1

2 )P(� 2) .

Using De�nition 14, w e see that the prediction/rollup step can b e written

as:

P(� ( t +1) ) =
X

� ( t )

P(� ( t +1) j� ( t ) ) � P(� ( t ) );

=
X

f ( � ( t ) ;� ( t ) ) : � ( t +1) = � ( t ) � � ( t ) g

Q( t ) (� ( t ) ) � P(� ( t ) );

(Righ t-m ultiplying b oth sides of � ( t +1) = � ( t ) � ( t )

b y (� ( t ) )� 1
, w e see that � ( t )

can b e replaced b y � ( t +1) (� ( t ) )� 1
),

=
X

� ( t )

Q( t ) (� ( t +1) � (� ( t ) )� 1) � P(� ( t ) );

=
h
Q( t ) � P

i
(� ( t +1) ):

As with F ourier transforms on the real line, the F ourier co e�cien ts of the con-

v olution of distributions P and Q on groups can b e obtained from the F ourier

co e�cien ts of P and Q individually , using the c onvolution the or em (see also

(Diaconis, 1988)):

Prop osition 15 (Con v olution Theorem) . L et Q and P b e pr ob ability distribu-

tions on Sn . F or any r epr esentation � ,

h
\Q � P

i

�
= bQ� � bP� ;

wher e the op er ation on the right side is matrix multiplic ation.

Therefore, assuming that the F ourier transforms

bP ( t )
� and

bQ( t )
� are giv en, the

prediction/rollup up date rule is simply:

bP ( t +1)
�  bQ( t )

� � bP ( t )
� :

6

Note that this de�nition of con v olution on groups is strictly a generalization of con v olution

of functions on the real line, and is a non-comm utativ e op eration for non-ab elian groups. Th us

the distribution P � Q is not necessarily the same as Q � P .
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� P (0 ) Q (1) P (1) Q (2) P (2)

� 1 3=4 3=4 3=4 9=16

(1 ; 2) 0 1=4 1=4 0 3=16

(2 ; 3) 0 0 0 0 0

(1 ; 3) 0 0 0 1=4 3=16

(1 ; 2; 3) 0 0 0 0 1=16

(1 ; 3; 2) 0 0 0 0 0

T able 4: Primal domain prediction/rollup example.

bP (0 ) bQ (1) bP (1) bQ (2) bP (2)

� (3) 1 1 1 1 1

� (2 ; 1)

�
1 0
0 1

� �
1
2 0
0 1

� �
1
2 0
0 1

� "
1
2 �

p
3

8

�
p

3
8

5
8

# "
7

16 �
p

3
8

�
p

3
16

5
8

#

� (1 ; 1 ; 1) 1 1
2

1
2

1
2

1
2

T able 5: F ourier domain prediction/rollup example.

Note that the up date only requires kno wledge of P̂ and do es not require P .

F urthermore, the up date is p ointwise in the F ourier domain in the sense that

the co e�cien ts at the represen tation � a�ect

bP ( t +1)
� only at � . Consequen tly ,

prediction/rollup up dates in the F ourier domain nev er increase the represen ta-

tional complexit y . F or example, if w e main tain third-order marginals, then a

single step of prediction/rollup called at time t returns the exact third-order

marginals at time t + 1 , and nothing more.

Example 16. W e run the pr e diction/r ol lup r outines on the �rst two time

steps of the example in Figur e 2, �rst in the primal domain, then in the F ourier

domain. A t e ach mixing event, two tr acks, i and j , swap identities with some

pr ob ability. Using a mixing mo del given by:

Q(� ) =

8
<

:

3=4 if � = �
1=4 if � = ( i; j )
0 otherwise

;

we obtain r esults shown in T ables 4 and 5.

6.1.1 Limitations of random w alk mo dels

While the random w alk assumption captures a rather general family of transition

mo dels, there do exist certain mo dels whic h cannot b e written as a random w alk

on a group. In particular, one limitation is that the prediction/rollup up date for

a random w alk mo del can only increase the en trop y of the distribution. As with
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Kalman �lters, lo calization is th us imp ossible without making observ ations.

7

(Shin et al., 2005) sho w that the en trop y m ust increase for a certain kind of

random w alk on Sn (where � could b e either the iden tit y or the transp osition

(i; j ) ), but in fact, the result is easily generalized for an y random w alk mixing

mo del and for an y group.

Prop osition 17.

H
h
P ( t +1) (� ( t +1) )

i
� max

n
H

h
Q( t ) (� ( t ) )

i
; H

h
P ( t ) (� ( t ) )

io
;

wher e H [P(� )] denotes the statistic al entr opy functional, H [P(� )] = �
P

� 2 G P(� ) log P(� ) .

Pr o of. W e ha v e:

P ( t +1) (� ( t +1) ) =
h
Q( t ) � P ( t )

i
(� ( t +1) )

=
X

� ( t )

Q(� ( t +1) � (� ( t ) )� 1)P ( t ) (� ( t ) )

Applying the Jensen Inequalit y to the en trop y function (whic h is conca v e) yields:

H
h
P ( t +1) (� ( t +1) )

i
�

X

� ( t )

P ( t ) (� ( t ) )H
h
Q( t ) (� � (� ( t ) )� 1)

i
; (Jensen's inequalit y)

=
X

� ( t )

P ( t ) (� ( t ) )H
h
Q( t ) (� )

i
; (translation in v ariance of en trop y)

= H
h
Q( t ) (� )

i
; (since

P
� ( t ) P ( t ) (� ( t ) ) = 1 ) :

The pro of that H
�
P ( t +1) (� ( t +1) )

�
� H

�
P ( t ) (� ( t ) )

�
is similar with the exception

that w e m ust rewrite the con v olution so that the sum ranges o v er � ( t )
.

P ( t +1) (� ( t +1) ) =
h
Q( t ) � P ( t )

i
(� ( t +1) );

=
X

� ( t )

Q( t ) (� ( t ) )P ( t ) (( � ( t ) )� 1 � � ( t +1) ):

Example 18. This example is b ase d on one fr om (Diac onis, 1988). Consider

a de ck of c ar ds numb er e d f 1; : : : ; ng. Cho ose a r andom p ermutation of c ar ds by

7

In general, if w e are not constrained to using linear Gaussian mo dels, it is p ossible to

lo calize with no observ ations. Consider a rob ot w alking along the unit in terv al on the real line

(whic h is not a group). If the p osition of the rob ot is unkno wn, one easy lo calization strategy

migh t b e to simply driv e the rob ot to the righ t, with the kno wledge that giv en ample time,

the rob ot will slam in to the `w all', at whic h p oin t it will ha v e b een lo calized. With random

w alk based mo dels on groups ho w ev er, these strategies are imp ossible � imagine the same

rob ot w alking around the unit circle � since, in some sense, the group structure prev en ts the

existence of `w alls'.
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Figure 4: W e start with a dec k of cards in sorted order, and p erform �fteen

consecutiv e sh u�es according to the rule giv en in Equation 6.1. The plot sho ws

the en trop y of the distribution o v er p erm utations with resp ect to the n um b er

of sh u�es for n = 3 ; 4; : : : ; 8. When H (P)=log(n!) = 1 , the distribution has

b ecome uniform.

�rst picking two c ar ds indep endently, and swapping (a c ar d might b e swapp e d

with itself ), yielding the fol lowing pr ob ability distribution over Sn :

Q(� ) =

8
<

:

1
n if � = id

2
n 2 if � is a tr ansp osition

0 otherwise

: (6.1)

R ep e ating the ab ove pr o c ess for gener ating r andom p ermutations � gives a

tr ansition mo del for a hidden Markov mo del over the symmetric gr oup. W e c an

also se e (Figur e 4) that the entr opy of the de ck incr e ases monotonic al ly with

e ach shu�e, and that r ep e ate d shu�es with Q(� ) eventual ly bring the de ck to

the uniform distribution.

6.2 F ourier conditioning

In con trast with the prediction/rollup op eration, conditioning can p oten tially

increase the represen tational complexit y . As an example, supp ose that w e kno w

the follo wing �rst-order marginal probabilities:

P( Alice is at T rac k 1 or T rac k 2 ) = :9; and

P( Bob is at T rac k 1 or T rac k 2 ) = :9:

If w e then mak e the follo wing �rst-order observ ation:

P( Cath y is at T rac k 1 or T rac k 2 ) = 1 ;
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then it can b e inferred that Alice and Bob cannot b oth o ccup y T rac ks 1 and 2

at the same time, i.e.,

P( {Alice,Bob} o ccup y T rac ks {1,2} ) = 0 ;

demonstrating that after conditioning, w e are left with kno wledge of second-

order (unordered) marginals despite the fact that the prior and lik eliho o d func-

tions w ere only kno wn up to �rst-order. In tuitiv ely , the example sho ws that

conditioning �smears� information from lo w-order F ourier co e�cien ts to high-

order co e�cien ts, and that one cannot hop e for a p oin t wise op eration as w as

a�orded b y prediction/rollup. W e no w sho w precisely ho w irreducibles of dif-

feren t complexities �in teract� with eac h other in the F ourier domain during

conditioning.

An application of Ba y es rule to �nd a p osterior distribution P(� jz) after

observing some evidence z requires t w o steps: a p ointwise pr o duct of lik eliho o d

P(zj� ) and prior P(� ) , follo w ed b y a normalization step:

P(� jz) = � � P(zj� ) � P(� ):

F or notational con v enience, w e will refer to the lik eliho o d function as L(zj� )
henceforth. W e sho w ed earlier that the normalization constan t � � 1 =

P
� L(zj� )�

P(� ) is giv en b y the F ourier transform of

\L ( t )P ( t )
at the trivial represen tation

� and therefore the normalization step of conditioning can b e implemen ted b y

simply dividing eac h F ourier co e�cien t b y the scalar

h
\L ( t )P ( t )

i

� ( n )

.

The p oin t wise pro duct of t w o functions f and g, ho w ev er, is tric kier to

form ulate in the F ourier domain. F or functions on the real line, the p oin t wise

pro duct of functions can b e implemen ted b y con v olving the F ourier co e�cien ts

of f̂ and ĝ, and so a natural question is: can w e apply a similar op eration for

functions o v er general groups? Our answ er to this is that there is an analogous

(but more complicated) notion of con v olution in the F ourier domain of a general

�nite group. W e presen t a con v olution-based conditioning algorithm whic h w e

call Kr one cker Conditioning , whic h, in con trast to the p oin t wise nature of the

F ourier Domain prediction/rollup step, and m uc h lik e con v olution, smears the

information at an irreducible � � to other irreducibles.

6.2.1 F ourier transform of the p oin t wise pro duct

Our approac h to computing the F ourier transform of the p oin t wise pro duct in

terms of f̂ and ĝ is to manipulate the function f (� )g(� ) so that it can b e seen

as the result of an in v erse F ourier transform (Equation 4.4). Hence, the goal

will b e to �nd matrices R� (as a function of f̂ ; ĝ) suc h that for an y � 2 G ,

f (� ) � g(� ) =
1

jGj

X

�

d� � T r

�
RT

� � � � (� )
�

; (6.2)

after whic h w e will b e able to read o� the F ourier transform of the p oin t wise

pro duct as

h
cfg

i

� �

= R� .
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1. If A and B are square, T r (A 
 B ) = ( T r A) � ( T r B ) .

2. (A 
 B ) � (C 
 D) = AC 
 BD .

3. Let A b e an n � n matrix, and C an in v ertible n � n matrix. Then

T r A = T r

�
C � 1AC

�
.

4. Let A b e an n � n matrix and B i b e matrices of size mi � mi whereP
i mi = n . Then T r (A � (

L
i B i )) =

P
i T r (A i � B i ) , where A i is

the blo c k of A corresp onding to blo c k B i in the matrix (
L

i B i ) .

T able 6: Matrix Iden tities used in Prop osition 19.

F or an y � 2 G w e can write the p oin t wise pro duct in terms f̂ and ĝ using

the in v erse F ourier transform:

f (� ) � g(� ) =

"
1

jGj

X

�

d� � T r

�
f̂ T

� �
� � � (� )

�
#

�

"
1

jGj

X

�

d� � T r

�
ĝT

� �
� � � (� )

�
#

=
�

1
jGj

� 2 X

�;�

d� � d� �

h
T r

�
f̂ T

� �
� � � (� )

�
� T r

�
ĝT

� �
� � � (� )

�i
: (6.3)

No w w e w an t to manipulate this pro duct of traces in the last line to b e just one

trace (as in Equation 6.2), b y app ealing to some prop erties of the Kr one cker

Pr o duct . The Kronec k er pro duct of an n � n matrix U = ( ui;j ) b y an m � m
matrix V , is de�ned to b e the nm � nm matrix

U 
 V =

0

B
B
B
@

u1;1V u1;2V : : : u1;n V
u2;1V u2;2V : : : u2;n V

.

.

.

.

.

.

.

.

.

.

.

.

un; 1V un; 2V : : : un;n V

1

C
C
C
A

:

W e summarize some imp ortan t matrix prop erties in T able 6. The connection

to our problem is giv en b y matrix prop ert y 1. Applying this to Equation 6.3,

w e ha v e:

T r

�
f̂ T

� �
� � � (� )

�
� T r

�
ĝT

� �
� � � (� )

�
= T r

��
f̂ T

� �
� � � (� )

�



�
ĝT

� �
� � � (� )

��

= T r

� �
f̂ � � 
 ĝ� �

� T
� (� � (� ) 
 � � (� ))

�
;

where the last line follo ws b y Prop ert y 2. The term on the left, f̂ � � 
 ĝ� � , is a

matrix of co e�cien ts. The term on the righ t, � � (� ) 
 � � (� ) , itself happ ens to

b e a represen tation, called the Kr one cker (or T ensor) Pr o duct R epr esentation .

In general, the Kronec k er pro duct represen tation is reducible, and so it can

decomp osed in to a direct sum of irreducibles. In particular, if � � and � � are
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an y t w o irreducibles of G , there exists a similarit y transform C�� suc h that, for

an y � 2 G ,

C � 1
�� � [� � 
 � � ] (� ) � C�� =

M

�

z���M

` =1

� � (� ): (6.4)

The � sym b ols here refer to a matrix direct sum as in Equation 2, � indexes

o v er all irreducible represen tations of Sn , while ` indexes o v er a n um b er of c opies

of � � whic h app ear in the decomp osition. W e index blo c ks on the righ t side of

this equation b y pairs of indices (�; ` ) . The n um b er of copies of eac h � � (for the

tensor pro duct pair � � 
 � � ) is denoted b y the in teger z��� , the collection of

whic h, tak en o v er all triples (�; �; � ) , are commonly referred to as the Clebsch-

Gor dan series . Note that w e allo w the z��� to b e zero, in whic h case � � do es

not con tribute to the direct sum. The matrices C�� are kno wn as the Clebsch-

Gor dan c o e�cients . The Kr one cker Pr o duct De c omp osition problem is that of

�nding the irreducible comp onen ts of the Kronec k er pro duct represen tation, and

th us to �nd the Clebsc h-Gordan series/co e�cien ts for eac h pair of irreducible

represen tations (� � ; � � ) .

Decomp osing the Kronec k er pro duct inside Equation 6.4 using the Clebsc h-

Gordan series and co e�cien ts yields the desired F ourier transform, whic h w e

summarize in the form of a prop osition. In the case that f and g are de�ned

o v er an ab elian group, then the follo wing form ulas reduce to the familiar form

of con v olution.

Prop osition 19. L et f̂ ; ĝ b e the F ourier tr ansforms of functions f and g r e-

sp e ctively, and for e ach or der e d p air of irr e ducibles (� � ; � � ) , de�ne: A �� ,

C � 1
�� �

�
f̂ � � 
 ĝ� �

�
� C�� . Then the F ourier tr anform of the p ointwise pr o duct fg

is:

h
cfg

i

� �

=
1

d� � jGj

X

��

d� � d� �

z���X

` =1

A ( �;` )
�� ; (6.5)

wher e A ( �;` )
�� is the blo ck of A �� c orr esp onding to the (�; ` ) blo ck in

L
�

L z���

` =1 � �

fr om Equation 6.4.

Pr o of. W e use the fact that C�� is an orthogonal matrix for all pairs (� � ; � � ) ,

i.e., CT
�� � C�� = I .

f (� ) � g(� ) =

"
1

jGj

X

�

d� � T r

�
f̂ T

� �
� � � (� )

�
#

�

2

4 1

jGj

X

�

d� � T r

�
ĝT

� �
� � � (� )

�
3

5

=
�

1

jGj

� 2 X

�;�

d� � d� �

h
T r

�
f̂ T

� �
� � � (� )

�
� T r

�
ĝT

� �
� � � (� )

�i

(b y Prop ert y 1) =
�

1

jGj

� 2 X

�;�

d� � d� �

h
T r

��
f̂ T

� �
� � � (� )

�



�
ĝT

� �
� � � (� )

��i

(b y Prop ert y 2) =
�

1

jGj

� 2 X

�;�

d� � d� � T r

� �
f̂ � � 
 ĝ� �

� T
� ( � � (� ) 
 � � (� ))

�
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(b y Prop ert y 3) =
�

1

jGj

� 2 X

�;�

d� � d� � T r

�
CT

�� �
�

f̂ � � 
 ĝ� �

� T
� C��

�CT
�� � (� � (� ) 
 � � (� )) � C��

�

(b y de�nition of C�� and A �� ) =
�

1

jGj

� 2 X

�;�

d� � d� � T r

 

A T
�� �

 
M

�

z ���M

` =1

� � (� )

!!

(b y Prop ert y 4) =
1

jGj2
X

��

d� � d� �

X

�

d� �

z ���X

` =1

T r

� �
d� 1

� �
A ( �;` )

��

� T
� � (� )

�

(rearranging terms) =
1

jGj

X

�

d� � T r

2

6
4

0

@
X

��

z ���X

` =1

d� � d� �

d� � jGj
A ( �;` )

��

1

A

T

� � (� )

3

7
5 :

Recognizing the last expression as an in v erse F ourier transform completes the

pro of.

The Clebsc h-Gordan series, z��� , pla ys an imp ortan t role in Equation 6.5,

whic h sa ys that the (� � ; � � ) crossterm con tributes to the p oin t wise pro duct at

� � only when z��� > 0. In the simplest case, w e ha v e that

z(n ) ;�;� =
�

1 if � = �
0 otherwise

;

whic h is true since � (n ) (� ) = 1 for all � 2 Sn . As another example, it is kno wn

that:

� (n � 1;1) 
 � (n � 1;1) � � (n ) � � (n � 1;1) � � (n � 2;2) � � (n � 2;1;1) ; (6.6)

or equiv alen tly ,

z(n � 1;1) ;(n � 1;1) ;� =
�

1 if � is one of (n) , (n � 1; 1), (n � 2; 2), or (n � 2; 1; 1)
0 otherwise

:

So if the F ourier transforms of the lik eliho o d and prior are zero past the �rst

t w o irreducibles ( (n) and (n � 1; 1)), then a single conditioning step results in a

F ourier transform whic h, in general, carries second-order information at (n� 2; 2)
and (n � 2; 1; 1), but is guaran teed to b e zero past the �rst four irreducibles (n) ,

(n � 1; 1), (n � 2; 2) and (n � 2; 1; 1).

As far as w e kno w, there are no analytical form ulas for �nding the en tire

Clebsc h-Gordan series or co e�cien ts, and in practice, these computations do in

fact tak e a long time. W e emphasize ho w ev er, that as fundamen tal constan ts

related to the irreducibles of the Symmetric group, they need only b e computed

onc e (lik e the digits of � , for example) and can b e stored in a table for all

future reference. F or a detailed discussion of tec hniques for computing the

Clebsc h-Gordan series/co e�cien ts, see App endix B. W e plan to mak e a set

of precomputed co e�cien ts a v ailable on the w eb, but for no w w e will assume

throughout the rest of the pap er that b oth the series and co e�cien ts ha v e b een

made a v ailable as a lo okup table. W e conclude our section on inference with a

fully w ork ed example of Kronec k er conditioning.
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Example 20. F or this example, r efer to T able 2 for the r epr esentations of S3 .

Given functions f; g : S3 ! R, we wil l c ompute the F ourier tr ansform of the

p ointwise pr o duct f � g.

Sinc e ther e ar e thr e e irr e ducibles, ther e ar e nine tensor pr o ducts � � 
 � �
to de c omp ose, six of which ar e trivial either b e c ause they ar e one-dimensional,

or involve tensoring against the trivial r epr esentation. The nontrivial tensor

pr o ducts to c onsider ar e � (2 ;1) 
 � (1 ;1;1) , � (1 ;1;1) 
 � (2 ;1) and � (2 ;1) 
 � (2 ;1) . The

Clebsch-Gor dan series for the nontrivial tensor pr o ducts ar e:

z(2 ;1) ; (1 ;1;1) ;� z(1 ;1;1) ; (2 ;1) ;� z(2 ;1) ; (2 ;1) ;�

� = (3) 0 0 1

� = (2 ; 1) 1 1 1

� = (1 ; 1; 1) 0 0 1

The Clebsch-Gor dan c o e�cients for the nontrivial tensor pr o ducts ar e given

by the fol lowing ortho gonal matric es:

C(2 ;1) 
 (1 ;1;1) =
�

0 1
� 1 0

�
; C(1 ;1;1) 
 (2 ;1) =

�
0 � 1
1 0

�
;

C(2 ;1) 
 (2 ;1) =

p
2

2

2

6
6
4

1 0 � 1 0
0 � 1 0 1
0 � 1 0 � 1
1 0 1 0

3

7
7
5 :

As in Pr op osition 19, de�ne:

A (2 ;1) 
 (1 ;1;1) = CT
(2 ;1) 
 (1 ;1;1)

�
f̂ (2 ;1) 
 ĝ(1 ;1;1)

�
C(2 ;1) 
 (1 ;1;1) ; (6.7)

A (1 ;1;1) 
 (2 ;1) = CT
(1 ;1;1) 
 (2 ;1)

�
f̂ (1 ;1;1) 
 ĝ(2 ;1)

�
C(1 ;1;1) 
 (2 ;1) ; (6.8)

A (2 ;1) 
 (2 ;1) = CT
(2 ;1) 
 (2 ;1)

�
f̂ (2 ;1) 
 ĝ(2 ;1)

�
C(2 ;1) 
 (2 ;1) ; (6.9)

Then Pr op osition 19 gives the fol lowing formulas:

df � g� (3)
=

1
3!

�
h
f̂ � (3) � ĝ� (3) + f̂ � (1 ; 1 ; 1) � ĝ� (1 ; 1 ; 1) + 4 �

�
A (2 ;1) 
 (2 ;1)

�
1;1

i
; (6.10)

df � g� (2 ; 1)
=

1
3!

�
h
f̂ � (2 ; 1) � ĝ� (3) + f̂ � (3) � ĝ� (2 ; 1) + A (1 ;1;1) 
 (2 ;1)

+ A (2 ;1) 
 (1 ;1;1) + 2 �
�
A (2 ;1) 
 (2 ;1)

�
2:3;2:3

i
; (6.11)

df � g� (1 ; 1 ; 1)
=

1
3!

�
h
f̂ � (3) � ĝ� (1 ; 1 ; 1) + f̂ � (1 ; 1 ; 1) � ĝ� (3) + 4 �

�
A (2 ;1) 
 (2 ;1)

�
4;4

i
; (6.12)

wher e the notation [A]a:b;c:d denotes the blo ck of entries in A b etwe en r ows a
and b, and b etwe en c olumns c and d (inclusive).

Using the ab ove formulas, we c an c ontinue on Example 16 and c ompute the

last up date step in our identity management pr oblem (Figur e 2). A t the �nal

time step, we observe that Bob is at tr ack 1 with 100% c ertainty. Our likeliho o d

function is ther efor e nonzer o only for the p ermutations which map Bob (the

se c ond identity) to the �rst tr ack:

L(� ) /
�

1 if � = (1 ; 2) or (1; 3; 2)
0 otherwise

:
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Algorithm 1 : Pseudo co de for the F ourier Prediction/Rollup Algorithm.

PredictionR ollup

input : Q̂( t )
� � and P̂ ( t )

� � , � � 2 �
output : P̂ ( t +1)

� � , � � 2 �
foreac h � � 2 � do P̂ ( t +1)

� �  Q̂( t )
� � � P̂ ( t )

� � ;1

The F ourier tr ansform of the likeliho o d function is:

bL � (3) = 2 ; bL � (2 ; 1) =
�

� 3=2
p

3=2
�

p
3=2 1=2

�
; bL � (1 ; 1 ; 1) = 0 : (6.13)

Plugging the F ourier tr ansforms of the prior distribution (

bP (2)
fr om T able 5)

and likeliho o d (Equation 6.13) into Equations 6.7, 6.8, 6.9, we have:

A (2 ; 1) 
 (1 ; 1 ; 1) =
�

0 0
0 0

�
; A (1 ; 1 ; 1) 
 (2 ; 1) =

1

8

�
1

p
3

�
p

3 � 3

�
;

A (2 ; 1) 
 (2 ; 1) =
1

32

2

6
6
4

� 7 �
p

3 11 5
p

3
� 2

p
3 � 10 � 6

p
3 � 14

20 22
p

3 � 4 4
p

3
� 11

p
3 � 23 �

p
3 � 13

3

7
7
5

T o invoke Bayes rule in the F ourier domain, we p erform a p ointwise pr o d-

uct using Equations 6.10, 6.11, 6.12, and normalize by dividing by the trivial

c o e�cient, which yields the F ourier tr ansform of the p osterior distribution as:

h
\P(� jz)

i

� (3)

= 1 ;
h

\P(� jz)
i

� (2 ; 1)

=
�

� 1 0
0 1

�
;

h
\P(� jz)

i

� (1 ; 1 ; 1)

= � 1:

(6.14)

Final ly, we c an se e that the r esult is c orr e ct by r e c o gnizing that the F ourier

tr ansform of the p osterior (Equation 6.14) c orr esp onds exactly to the distribution

which is 1 at � = (1 ; 2) and 0 everywher e else. Bob is ther efor e at T r ack 1, A lic e

at T r ack 2 and Cathy at T r ack 3.

� � (1; 2) (2; 3) (1; 3) (1; 2; 3) (1; 3; 2)
P(� ) 0 1 0 0 0 0

7 Appro ximate inference b y bandlimiting

W e no w consider the consequences of p erforming inference using the F ourier

transform at a reduced set of co e�cien ts. Imp ortan t issues include understand-

ing ho w error can b e in tro duced in to the system, and when our algorithms are

exp ected to p erform w ell as an appro ximation. Sp eci�cally , w e �x a bandlimit

� MIN
and main tain the F ourier transform of P only at irreducibles whic h are

at � MIN
or ab o v e in the dominance ordering:

� = f � � : � D � MIN g:
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Algorithm 2 : Pseudo co de for the Kronec k er Conditioning Algorithm.

Kr oneckerConditioning

input : F ourier co e�cien ts of the lik eliho o d function, L̂ � � ; � � 2 � L , and

F ourier co e�cien ts of the prior distribution, P̂� � ; � � 2 � P

output : F ourier co e�cien ts of the p osterior distribution,

dLP � � ; � � 2 � P

foreac h � � 2 � P do

dLP � �  0 // Initialize Posterior1

// Pointwise Pr o duct

foreac h � � 2 � L do2

foreac h � � 2 � P do3

z  CGseries(� � ; � � ) ;4

C��  CGcoef f icients (� � ; � � ) ; A ��  CT
�� �

�
L̂ � � 
 P̂� �

�
� C�� ;

5

for � � 2 � P such that z��� 6= 0 do6

for ` = 1 to z��� do7 h
\L ( t ) P ( t )

i

� �

 
h

\L ( t )P ( t )
i

� �

+
d� � d� �

d� � n ! A ( �;` )
�� ; // A ( �;` )

�� is the

8

(�; ` ) blo ck of A ��

�  
h

\L ( t ) P ( t )
i � 1

� ( n )

;

9

foreac h � � 2 � do

h
\L ( t ) P ( t )

i

� �

 �
h

\L ( t ) P ( t )
i

� �

// Normalization

10

F or example, when � MIN = ( n� 2; 1; 1), � is the set

�
� (n ) ; � (n � 1;1) ; � (n � 2;2) , and

� (n � 2;1;1)
	

, whic h corresp onds to main taining second-order (ordered) marginal

probabilities of the form P(� (( i; j )) = ( k; ` )) . During inference, w e follo w the

pro cedure outlined in the previous section but discard the higher order terms

whic h can b e in tro duced during the conditioning step. Pseudo co de for ban-

dlimited prediction/rollup and Kronec k er conditioning is giv en in Algorithms 1

and 2. W e note that it is not necessary to main tain the same n um b er of irre-

ducibles for b oth prior and lik eliho o d during the conditioning step. The �rst

question to ask is: when should one exp ect a bandlimited appro ximation to b e

close to P(� ) as a function? Qualitativ ely , if a distribution is relativ ely smo oth,

then most of its energy is stored in the lo w-order F ourier co e�cien ts. Ho w ev er,

in a phenomenon quite reminiscen t of the Heisen b erg uncertain t y principle from

quan tum mec hanics, it is exactly when the distribution is sharply concen trated

at a small subset of p erm utations, that the F ourier pro jection is unable to

faithfully appro ximate the distribution. W e illustrate this uncertain t y e�ect

in Figure 5 b y plotting the accuracy of a bandlimited distribution against the

en trop y of a distribution.

Ev en though the bandlimited distribution is sometimes a p o or appro ximation

to the true distribution, the marginals mainatined b y our algorithm are often

su�cien tly accurate. And so instead of considering the appro ximation accuracy

of the bandlimited F ourier transform to the true join t distribution, w e consider

the accuracy only at the marginals whic h are main tained b y our metho d.
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Figure 5: In general, smo other distributions are w ell appro ximated b y lo w-

order F ourier pro jections. In this graph, w e sho w the appro ximation qualit y of

the F ourier pro jections on distributions with di�eren t en tropies, starting from

sharply p eak ed delta distributions on the left side of the graph, whic h get itera-

tiv ely smo othed un til they b ecomes the maxim um en trop y uniform distribution

on the righ t side. On the y -axis, w e measure ho w m uc h ener gy is preserv ed in

the bandlimited appro ximation, whic h w e de�ne to b e

jP 0j 2

jP j 2 , where P0
is the ban-

dlimited appro ximation to P . Eac h line represen ts the appro ximation qualit y

using a �xed n um b er of F ourier co e�cien ts. A t one extreme, w e ac hiev e p erfect

signal reconstruction b y using all F ourier co e�cien ts, and at the other, w e p er-

form p o orly on �spiky� distributions, but w ell on high-en trop y distributions, b y

storing a single F ourier co e�cien t.

7.1 Sources of error during inference

W e no w analyze the errors incurred during our inference pro cedures with resp ect

to the accuracy at main tained marginals. It is immediate that the F ourier

domain prediction/rollup op eration is exact due to its p oin t wise nature in the

F ourier domain. F or example, if w e ha v e the second order marginals at time

t = 0 , then w e can �nd the exact second order marginals at all t > 0 if w e only

p erform prediction/rollup op erations. Instead, the errors in inference are only

committed b y Kronec k er conditioning, where they are implicitly in tro duced at

co e�cien ts outside of � (b y e�ectiv ely setting the co e�cien ts of the prior and

lik eliho o d at irreducibles outside of � to b e zero), then propagated inside to the

irreducibles of � .

In practice, w e observ e that the errors in tro duced at the lo w-order irre-
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(a) n = 5 (b) n = 6

Figure 6: W e sho w the dominance ordering for partitions of n = 5 and n =
6 again. By setting � MIN = (3 ; 1; 1) and (4; 1; 1) resp ectiv ely , w e k eep the

irreducibles corresp onding to the partitions in the dotted regions. If w e call

Kronec k er Conditioning with a �rst-order observ ation mo del, then according

to Theorem 21, w e can exp ect to incur some error at the F ourier co e�cien ts

corresp onding to (3; 1; 1) and (3; 2) for n = 5 , and (4; 1; 1) and (4; 2) for n = 6
(sho wn as shaded tableaux), but to b e exact at �rst-order co e�cien ts.

ducibles during inference are small if the prior and lik eliho o d are su�cien tly

di�use, whic h mak es sense since the high-frequency F ourier co e�cien ts are small

in suc h cases. W e can sometimes sho w that the up date is exact at lo w order

irreducibles if w e main tain enough co e�cien ts.

Theorem 21. If � MIN = ( n � p; � 2; : : : ) , and the Kr one cker c onditioning algo-

rithm is c al le d with a likeliho o d function whose F ourier c o e�cients ar e nonzer o

only at � � when � D (n � q; � 2; : : : ) , then the appr oximate F ourier c o e�cients

of the p osterior distribution ar e exact at the set of irr e ducibles:

� EXACT = f � � : � D (n � j p � qj; : : : )g:

Pr o of. See App endix B.

F or example, if w e call Kronec k er conditioning b y passing in third-order

terms of the prior and �rst-order terms of the lik eliho o d, then all �rst and
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second-order (unordered and ordered) marginal probabilities of the p osterior

distribution can b e reconstructed without error.

7.2 Pro jecting to the marginal p olytop e

Despite the encouraging result of Theorem 21, the fact remains that consec-

utiv e conditioning steps can propagate errors to all lev els of the bandlimited

F ourier transform, and in man y circumstances, results in a F ourier transform

whose �marginal probabilities� corresp ond to no consisten t join t distribution

o v er p erm utations, and are sometimes negativ e. T o com bat this problem, w e

presen t a metho d for pro jecting to the space of co e�cien ts corresp onding to

consisten t join t distributions (whic h w e will refer to as the mar ginal p olytop e )

during inference.

W e b egin b y discussing the �rst-order v ersion of the marginal p olytop e pro-

jection problem. Giv en an n � n matrix, M , of real n um b ers, ho w can w e decide

whether there exists some probabilit y distribution whic h has M as its matrix

of �rst-order marginal probabilities? A necessary and su�cien t condition, as it

turns out, is for M to b e doubly sto chastic . That is, all en tries of M m ust b e

nonnegativ e and all ro ws and columns of M m ust sum to one (the probabilit y

that Alice is at some tr ack is 1, and the probabilit y that some identity is at

T rac k 3 is 1). The double sto c hasticit y condition comes from the Birkho�-von

Neumann theorem ((v an Lin t & Wilson, 2001)) whic h states that a matrix is

doubly sto c hastic if and only if it can b e written as a con v ex com bination of

p erm utation matrices.

T o �renormalize� �rst-order marginals to b e doubly sto c hastic, some au-

thors ((Shin et al., 2003; Shin et al., 2005; Balakrishnan et al., 2004; Helm-

b old & W arm uth, 2007)) ha v e used the Sinkhorn iter ation , whic h alternates

b et w een normalizing ro ws and columns indep enden tly un til con v ergence is ob-

tained. Con v ergence is guaran teed under mild conditions and it can b e sho wn

that the limit is a nonnegativ e doubly sto c hastic matrix whic h is closest to the

original matrix in the sense that the Kullbac k-Leibler div ergence is minimized

((Balakrishnan et al., 2004)).

There are sev eral problems whic h cause the Sinkhorn iteration to b e an un-

natural solution in our setting. First, since the Sinkhorn iteration only w orks

for nonnegativ e matrices, w e w ould ha v e to �rst cap en tries to lie in the appro-

priate range, [0; 1]. More seriously , ev en though the Sinkhorn iteration w ould

guaran tee a doubly sto c hastic higher order matrix of marginals, there are sev eral

natural constrain ts whic h are violated when running the Sinkhorn iteration on

higher-order marginals. F or example, with second-order (ordered) marginals, it

seems that w e should at least enforce the follo wing symmetry constrain t:

P(� : � (k; ` ) = ( i; j )) = P(� : � (`; k ) = ( j; i )) ;

whic h sa ys, for example, that the marginal probabilit y that Alice is in T rac k 1

and Bob is in T rac k 2 is the same as the marginal probabilit y that Bob is in

T rac k 2 and Alice is in T rac k 1. Another natural constrain t that can b e brok en
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is what w e refer to as low-or der mar ginal c onsistency . F or example, it should

alw a ys b e the case that:

P(j ) =
X

i

P(i; j ) =
X

k

P(j; k ):

It should b e noted that the doubly sto c hastic requiremen t is a sp ecial case of

lo w er-order marginal consistency � w e require that higher-order marginals b e

consisten t on the 0th
order marginal.

While compactly describing the constrain ts of the marginal p olytop e exactly

remains an op en problem, w e prop ose a metho d for pro jecting on to a r elaxe d

form of the marginal p olytop e whic h addresses b oth symmetry and lo w-order

consistency problems b y op erating directly on irreducible F ourier co e�cien ts

instead of on the matrix of marginal probabilities. After eac h conditioning step,

w e apply a `correction' to the appro ximate p osterior P ( t )
b y �nding the ban-

dlimited function in the relaxed marginal p olytop e whic h is closest to P ( t )
in an

L 2 sense. T o p erform the pro jection, w e emplo y the Planc herel Theorem ((Dia-

conis, 1988)) whic h relates the L 2 distance b et w een functions on Sn to a distance

metric in the F ourier domain.

Prop osition 22 (Planc herel Theorem) .

X

�

(f (� ) � g(� ))2 =
1

jGj

X

�

d� � T r

� �
f̂ � � � ĝ� �

� T
�
�

f̂ � � � ĝ� �

� �
: (7.1)

T o �nd the closest bandlimited function in the relaxed marginal p olytop e,

w e form ulate a quadratic program whose ob jectiv e is to minimize the righ t

side of Equation 7.1, and whose sum is tak en only o v er the set of main tained

irreducibles, � , sub ject to the set of constrain ts whic h require all marginal prob-

abilities to b e nonnegativ e. W e th us refer to our correction step as Plancher el

Pr oje ction . Our quadratic program can b e written as:

minimize ^f proj

X

� 2 �

d� T r

� �
f̂ � f̂ proj

� T

� �

�
f̂ � f̂ proj

�

� �

�

sub ject to:

h
f̂ proj

i

(n )
= 1 ;

2

4C� MIN �

0

@
M

� D � MIN

K � MIN ;�M

` =1

f̂ proj
� �

1

A � CT
� MIN

3

5

ij

� 0; for all (i; j ) ,

where K � MIN and C� MIN are the precomputed constan ts from Equation 5.4.

W e remark that ev en though the pro jection will pro duce a F ourier transform

corresp onding to nonnegativ e marginals whic h are consisten t with eac h other,

there migh t not necessarily exist a join t probabilit y distribution on Sn consisten t

with those marginals except in the sp ecial case of �rst-order marginals.
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Example 23. In Example 20, we r an the Kr one cker c onditioning algorithm us-

ing al l of the F ourier c o e�cients. If only the �rst-or der c o e�cients ar e available,

however, then the expr essions for zer oth and �rst or der terms of the p osterior

(Equations 6.10,6.11) b e c ome:

df � g� (3)
=

1
3!

�
h
f̂ � (3) � ĝ� (3) + 4 �

�
A (2 ;1) 
 (2 ;1)

�
1;1

i
; (7.2)

df � g� (2 ; 1)
=

1
3!

�
h
f̂ � (2 ; 1) � ĝ� (3) + f̂ � (3) � ĝ� (2 ; 1) + 2 �

�
A (2 ;1) 
 (2 ;1)

�
2:3;2:3

i
; (7.3)

Plugging in the same numeric al values fr om Example 20 and normalizing ap-

pr opriately yields the appr oximate F ourier c o e�cients of the p osterior:

h
\P(� jz)

i

� (3)

= 1
h

\P(� jz)
i

� (2 ; 1)

=
�

� 10=9 � 77=400
77=400 4=3

�
;

which c orr esp ond to the fol lowing �rst-or der mar ginal pr ob abilities:

P̂� (2 ; 1)

2

6
6
4

A B C
T r ack 1 0 11=9 � 2=9
T r ack 2 1 0 0
T r ack 3 0 � 2=9 11=9

3

7
7
5 :

In p articular, we se e that the appr oximate matrix of `mar ginals' c ontains ne ga-

tive numb ers. Applying the Plancher el pr oje ction step, we obtain the fol lowing

mar ginals:

P̂� (2 ; 1)

2

6
6
4

A B C
T r ack 1 0 1 0
T r ack 2 1 0 0
T r ack 3 0 0 1

3

7
7
5 ;

which happ en to b e exactly the true p osterior mar ginals. It should b e note d

however, that r ounding the `mar ginals' to b e in the appr opriate r ange would

have worke d in this p articular example as wel l.

8 Probabilistic mo dels of mixing and observ a-

tions

While the algorithms presen ted in the previous sections are general in the sense

that they w ork on all mixing and observ ation mo dels, it is not alw a ys ob vious

ho w to compute the F ourier transform of a giv en mo del. In this section, w e

presen t w a ys to obtain suc h transforms for a few useful mo dels.

8.1 Mixing mo dels

The simplest mixing mo del for iden tit y managemen t assumes that with proba-

bilit y p, nothing happ ens, and that with probabilit y (1 � p) , the iden tities for
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trac ks i and j are sw app ed. The probabilit y distribution is therefore:

Qij (� ) =

8
<

:

p if � = �
1 � p if � = ( i; j )

0 otherwise.

Since Qij is suc h a sparse distribution (in the sense that Q(� ) = 0 for most � ),

it is p ossible to directly compute

bQ using De�nition 6:

bQ� � = pI + (1 � p)� � (( i; j )) ;

where I refers to the d� � d� iden tit y matrix, and � � (( i; j )) is the irreducible

represen tation matrix � � ev aluated at the transp osition (i; j ) (whic h can b e

computed using the algorithms from App endix A).

8.2 Observ ation mo dels

The simplest mo del assumes that w e can get observ ations of the form: `trac k `
is color k ' (whic h is essen tially the mo del considered b y (K ondor et al., 2007)).

The probabilit y of seeing color k at trac k ` giv en data asso ciation � is

L(� ) = P(z` = kj� ) = � � ( ` ) ;k ; (8.1)

where

P
k � � ( ` )k = 1 . F or eac h iden tit y , the lik eliho o d L(� ) = P(z` = kj� )

dep ends on a histogram o v er all p ossible colors. If the n um b er of p ossible

colors is K , then the lik eliho o d mo del can b e sp eci�ed b y an n � K matrix of

probabilities. F or example,

� � ( ` ) ;k =

2

6
6
4

k = Red k = Orange k = Y ello w k = Green

� (`) = Alice 1=2 1=4 1=4 0
� (`) = Bob 1=4 0 0 3=4

� (`) = Cath y 0 1=2 1=2 0

3

7
7
5 :

(8.2)

Since the observ ation mo del only dep ends on a single iden tit y , the �rst-

order terms of the F ourier transform su�ce to fully describ e the lik eliho o d.

T o compute the �rst-order F ourier co e�cien ts, at irreducibles, w e pro ceed b y

computing the �rst-order F ourier co e�cien ts at the �rst-order p erm utation rep-

resen tation, then transforming to irreducible co e�cien ts. The F ourier transform

of the lik eliho o d at the �rst-order p erm utation represen tation is giv en b y:

h
bL � ( n � 1 ; 1)

i

ij
=

X

f � :� ( j )= i g

P (z` = kj� ) =
X

f � :� ( j )= i g

� � ( ` )k :

T o compute the ij -term, there are t w o cases to consider.

1. If j = ` (that is, if T rac k j is the same as the trac k that w as observ ed),

then the co e�cien t

bL ij is prop ortional to the probabilit y that Iden tit y i
is color k .

bL ij =
X

f � :� ( ` )= i g

� i;k = ( n � 1)! � � i;k : (8.3)
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2. If, on the other hand, j 6= ` (T rac k j is not the observ ed trac k)), then the

co e�cien t L̂ ij is prop ortional to the sum o v er

bL ij =
X

f � :� ( j )= i g

� � ( ` ) ;k (8.4)

=
X

m 6= i

X

f � :� ( j )= i and � ( l )= m g

� � ( ` ) ;k (8.5)

=
X

m 6= i

(n � 2)! � � m;k : (8.6)

Example 24. W e wil l c ompute the �rst-or der mar ginals of the likeliho o d func-

tion on S3 which arises fr om observing a "R e d blob at T r ack 1". Plugging the

values fr om the �R e d� c olumn of the � matrix (Equation 8.2) into Equation 8.3

and 8.6 yields the fol lowing matrix of �rst-or der c o e�cients (at the � (n � 1;1)

p ermutation r epr esentation):

h
L̂ (n � 1;1)

i

ij
=

2

6
6
4

T r ack 1 T r ack 2 T r ack 3

A lic e 1=4 1=4 1
Bob 1=2 1=2 1=2

Cathy 3=4 3=4 0

3

7
7
5

The c orr esp onding c o e�cients at the irr e ducible r epr esentations ar e:

L̂ (3) = 1 :5; L̂ (2 ;1) =
�

0 �
p

3=4
0 � 3=4

�
; L̂ (1 ;1;1) = 0 :

9 Related w ork

Rankings and p erm utations ha v e recen tly b ecome an activ e area of researc h in

mac hine learning due to their imp ortance in information retriev al and preference

elicitation. Rather than considering full distributions o v er p erm utations, man y

approac hes, lik e RankSVM ((Joac hims, 2002)) and RankBo ost ((F reund et al.,

2003)), ha v e instead fo cused on learning a single `optimal' ranking with resp ect

to some ob jectiv e function.

There are also sev eral authors who ha v e studied distributions o v er p erm u-

tations/rankings ((Mallo ws, 1957; Critc hlo w, 1985; Fligner & V erducci, 1986;

T a ylor et al., 2008; Lebanon & Mao, 2008)). (T a ylor et al., 2008) consider dis-

tributions o v er Sn whic h are induced b y the rankings of n indep enden t dra ws

from n individually cen tered Gaussian distributions with equal v ariance. They

compactly summarize their distributions using an O(n2) matrix whic h is con-

ceptually similar to our �rst-order summaries and apply their tec hniques to

ranking w eb do cumen ts. Most other previous approac hes at directly mo deling

distributions on Sn , ho w ev er, ha v e relied on distance based mo dels. F or exam-

ple, the Mallo ws mo del ((Mallo ws, 1957)) de�nes a Gaussian-lik e distribution

o v er p erm utations as:

P(� ; c; � 0) / exp (� cd(�; � 0)) ; (9.1)
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where the function d(�; � 0) is the Kendal l's tau distanc e whic h coun ts the n um-

b er of adjacen t sw aps that are required to bring � � 1
to � � 1

0 . Lik e Gaussians,

distance based mo dels tend to lac k �exibilit y , and so (Lebanon & Mao, 2008)

prop ose a nonparametric mo del of rank ed (and partially rank ed) data based on

placing w eigh ted Mallo ws k ernels on top of training examples, whic h, as they

sho w, can realize a far ric her class of distributions, and can b e learned e�cien tly .

Ho w ev er, they do not address the inference problem, and it is not clear if one can

e�cien tly p erform inference op erations lik e marginalization and conditioning in

suc h mo dels.

As w e ha v e sho wn in this pap er, F ourier based metho ds ((Diaconis, 1988;

K ondor et al., 2007; Huang et al., 2007)) o�er a principled alternativ e metho d for

compactly represen ting distributions o v er p erm utations and p erforming e�cien t

probabilistic inference op erations. Our w ork dra ws from t w o strands of researc h

� one from the data asso ciation/iden tit y managemen t literature, and one from

a more theoretical area on F ourier analysis in statistics. In the follo wing, w e

review sev eral of the w orks whic h ha v e led up to our curren t F ourier based

approac h.

9.1 Previous w ork in iden tit y managemen t

The iden tit y managemen t problem has b een addressed in a n um b er of previous

w orks, and is closely related to, but not iden tical with, the classical data asso ci-

ation problem of main taining corresp ondences b et w een trac ks and observ ations.

Both problems need to address the fundamen tal com binatorial c hallenge that

there is a factorial or exp onen tial n um b er of asso ciations to main tain b et w een

trac ks and iden tities, or b et w een trac ks and observ ations resp ectiv ely . A v ast

literature already exists on the the data asso ciation problem, b eginning with the

multiple hyp othesis testing approac h (MHT) of (Reid, 1979). The MHT is a `de-

ferred logic' metho d in whic h past observ ations are exploited in forming new h y-

p otheses when a new set of observ ations arises. Since the n um b er of h yp otheses

can gro w exp onen tially o v er time, v arious heuristics ha v e b een prop osed to help

cop e with the complexit y blo wup. F or example, one can c ho ose to main tain only

the k b est h yp otheses for some parameter k ((Co x & Hingorani, 1994)), using

Murt y's algorithm ((Murt y , 1968)). But for suc h an appro ximation to b e e�ec-

tiv e, k ma y still need to scale exp onen tially in the n um b er of ob jects. A sligh tly

more recen t �ltering approac h is the joint pr ob abilistic data asso ciation �lter

(JPD A) ((Bar-Shalom & F ortmann, 1988)), whic h is a sub optimal single-stage

appro ximation of the optimal Ba y esian �lter. JPD A mak es asso ciations sequen-

tially and is unable to correct erroneous asso ciations made in the past ((P o ore,

1995)). Ev en though the JPD A is more e�cien t than the MHT, the calculation

of the JPD A asso ciation probabilities is still a #P-complete problem ((Collins &

Uhlmann, 1992)), since it e�ectiv ely m ust compute matrix p ermanen ts. P oly-

nomial appro ximation algorithms to the JPD A asso ciation probabilities ha v e

recen tly b een studied using Mark o v c hain Mon te Carlo (MCMC) metho ds ((Oh

et al., 2004; Oh & Sastry , 2005)).

The iden tit y managemen t problem w as �rst explicitly in tro duced in (Shin
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et al., 2003). Iden tit y managemen t di�ers from the classical data asso ciation

problem in that its observ ation mo del is not concerned with the lo w-lev el trac k-

ing details but instead with high lev el information ab out ob ject iden tities. (Shin

et al., 2003) in tro duced the notion of the b elief matrix appro ximation of the asso-

ciation probabilities, whic h collapses a distribution o v er all p ossible asso ciations

to just its �rst-order marginals. In the case of n trac ks and n iden tities, the

b elief matrix B is an n � n doubly-sto c hastic matrix of non-negativ e en tries

bij , where bij is the probabilit y that iden tit y i is asso ciated with trac k j . As

w e already sa w in Section 4, the b elief matrix appro ximation is equiv alen t to

main taining the zeroth- and �rst-order F ourier co e�cien ts. Th us our curren t

w ork is a strict generalization and extension of those previous results.

An alternativ e represen tation that has also b een considered is an information

theoretic approac h (())shin05,sc h umitsc h05a,sc h umitsc h06b in whic h the densit y

is parameterized as:

P(� ; 
) / exp T r

�

 T � � (n � 1;1) (� )

�
:

In our framew ork, the information form approac h can b e view ed as a metho d for

main taining the F ourier transform of the lo g probabilit y distribution at only the

�rst t w o irreducibles. The information matrix approac h is esp ecially attractiv e

in a distributed sensor net w ork setting, since, if the columns of the information

matrix are distributed to leader no des trac king the resp ectiv e targets, then the

observ ation ev en ts b ecome en tirely lo cal op erations, a v oiding the more exp en-

siv e Kronec k er conditioning algorithm in our setting. On the other hand, the

information matrix co e�cien ts do not ha v e the same in tuitiv e marginals in ter-

pretation a�orded in our setting, and moreo v er, prediction/rollup steps cannot

b e p erformed analytically in the information matrix form. As in man y clas-

sical data structures problems there are represen tation trade-o� issues: some

op erations are less exp ensiv e in one represen tation and some op erations in the

the other. The b est c hoice in an y particular scenario will dep end on the ratio

b et w een observ ation and mixing ev en ts.

9.2 Previous w ork on F ourier-based appro ximations

The concept of using F ourier transforms to study probabilit y distributions on

groups is not new, with the earliest pap ers in this area ha ving b een published

in the 1960s ((Grenander, 1963)). (Willsky , 1978) w as the �rst to form ulate

the exact �ltering problem in the F ourier domain for �nite and lo cally compact

Lie groups and con tributed the �rst noncomm utativ e F ast F ourier T ransform

algorithm (for Metacyclic groups). Ho w ev er, he do es not address appro ximate

inference, suggesting instead to alw a ys transform to the appropriate domain

for whic h either the prediction/rollup or conditioning op erations can b e accom-

plished using a p oin t wise pro duct. While pro viding signi�can t impro v emen ts in

complexit y for smaller groups, his approac h is still infeasible for our problem

giv en the factorial order of the Symmetric group.

(Diaconis, 1988) utilized the F ourier transform to analyze probabilit y distri-

butions on the Symmetric group in order to study card sh u�ing and ranking
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problems. His w ork laid the ground for m uc h of the progress made o v er the last

t w o decades on probabilistic group theory and noncomm utativ e FFT algorithms

((Clausen & Baum, 1993; Ro c kmore, 2000)).

(K ondor et al., 2007) w as the �rst to sho w that the data asso ciation prob-

lem could b e e�cien tly appro ximated using FFT factorizations. In con trast to

our framew ork where ev ery mo del is assumed to b e ha v e b een sp eci�ed in the

F ourier domain, they w ork with an observ ation mo del whic h can b e written in

the primal domain.

Conceptually , their conditioning algorithm applies the In v erse F ast F ourier

T ransform (IFFT) to the prior distribution, conditions in the primal domain

using p oin t wise m ultiplication, then transforms bac k up to the F ourier domain

using the FFT to obtain p osterior F ourier co e�cien ts. While their pro cedure

w ould ordinarily b e in tractable b ecause of the factorial n um b er of p erm utations,

they sho w that for simple observ ation mo dels, suc h as that giv en in Equation 8.1,

it is not necessary to p erform the full FFT recursion to do a p oin t wise pro d-

uct. They exploit this observ ation to form ulate a conditioning algorithm whose

running time dep ends on the complexit y of the observ ation mo del (whic h can

roughly b e measured b y the n um b er of irreducibles required to fully sp ecify it).

In the w orst case, when the lik eliho o d function is sp eci�ed for eac h � 2 Sn , then

the cost of conditioning is dominated b y the cost of calling an FFT, whic h is

O(n! logn!) .

In the case that the observ ation mo del is sp eci�ed at su�cien tly man y irre-

ducibles, our conditioning algorithm (prior to the pro jection step) returns the

same appro ximate probabilities as the FFT-based algorithm. F or example, w e

can sho w that the observ ation mo del giv en in Equation 8.1 is fully sp eci�ed b y

t w o F ourier comp onen ts, and that b oth algorithms ha v e iden tical output. In

this setting, our asymptotic time complexit y is O(D 3n2) , where D is the degree

of the largest main tained irreducible represen tation. The FFT-based algorithm

sa v es a factor of D due to the fact that certain represen tation matrices can b e

sho wn to b e sparse. Though w e do not pro v e it, w e observ e that the Clebsc h-

Gordan co e�cien ts Cij are t ypically similarly sparse (see Figure 7(d)), whic h

yields an equiv alen t running time in practice. In addition, K ondor et al. do not

address the issue of pro jecting on to legal distributions, whic h, as w e sho w in

our exp erimen tal results is fundamen tal in practice.

10 Exp erimen tal results

In this section w e presen t the results of sev eral exp erimen ts to v alidate our algo-

rithm. W e ev aluate p erformance �rst b y measuring the qualit y of our appro xi-

mation for problems where the true distribution is kno wn. Instead of measuring

a distance b et w een the true distribution and the in v erse F ourier transform of

our appro ximation, it mak es more sense in our setting to measure error only

at the marginals whic h are main tained b y our appro ximation. In the results

rep orted b elo w, w e measure the L 1 error b et w een the true matrix of marginals

and the appro ximation. If nonnegativ e marginal probabilities are guaran teed,

it also mak es sense to measure KL-div ergence.
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Figure 7:

10.1 Sim ulated data

W e �rst tested the accuracy of a single Kronec k er conditioning step b y calling

some n um b er of pairwise mixing ev en ts (whic h can b e though t roughly as a

measure of en trop y), follo w ed b y a single �rst-order observ ation. In the y -axis

of Figure 7(a), w e plot the Kullbac k-Leibler div ergence b et w een the true �rst-

order marginals and appro ximate �rst-order marginals returned b y Kronec k er

conditioning. W e compared the results of main taining �rst-order, and second-

order (unordered and ordered) marginals. As sho wn in Figure 7(a), Kronec k er

conditioning is more accurate when the prior is smo oth and unsurprisingly ,

when w e allo w for higher order F ourier terms. As guaran teed b y Theorem 21,

w e also see that the �rst-order terms of the p osterior are exact when w e main tain

second-order (ordered) marginals.
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T o understand ho w our algorithms p erform o v er man y timesteps (where

errors can propagate to all F ourier terms), w e compared to exact inference

on syn thetic datasets in whic h trac ks are dra wn at random to b e observ ed or

sw app ed. As a baseline, w e sho w the accuracy of a uniform distribution. W e

observ e that the F ourier appro ximation is b etter when there are either more

mixing ev en ts (the fraction of conditioning ev en ts is smaller), or when more

F ourier co e�cien ts are main tained, as sho wn in Figure 7(b). W e also see that

the Planc herel Pro jection step is fundamen tal, esp ecially when mixing ev en ts

are rare.

Figures 8(a) and 8(b) sho w the p er-timeslice accuracy of t w o t ypical runs of

the algorithm. The fraction of conditioning ev en ts is 50% in Figure 8(a), and

70% in Figure 8(b). What w e t ypically observ e is that while the pro jected and

nonpro jected accuracies are often quite similar, the nonpro jected marginals can

p erform signi�can tly w orse during certain segmen ts.

Finally , w e compared running times against an exact inference algorithm

whic h p erforms prediction/rollup in the F ourier domain and conditioning in the

primal domain. Instead of the naiv e O((n!)2) complexit y , its running time is a

more e�cien t O(n3n!) due to the F ast F ourier T ransform ((Clausen & Baum,

1993)). It is clear that our algorithm scales gracefully compared to the exact

solution (Figure 7(c)), and in fact, w e could not run exact inference for n > 8 due

to memory constrain ts. In Figure 7(d), w e sho w empirically that the Clebsc h-

Gordan co e�cien ts are indeed sparse, supp orting our conjectured run time of

O(D 2n2) instead of O(D 3n2) .

10.2 Real camera net w ork

W e also ev aluated our algorithm on data tak en from a real net w ork of eigh t

cameras (Fig. 9(a)). In the data, there are n = 11 p eople w alking around a

ro om in fairly close pro ximit y . T o handle the fact that p eople can freely lea v e

and en ter the ro om, w e main tain a list of the trac ks whic h are external to the

ro om. Eac h time a new trac k lea v es the ro om, it is added to the list and a

mixing ev en t is called to allo w for m2
pairwise sw aps amongst the m external

trac ks.

The n um b er of mixing ev en ts is appro ximately the same as the n um b er of

observ ations. F or eac h observ ation, the net w ork returns a color histogram of

the blob asso ciated with one trac k trac k. The task after conditioning on eac h

observ ation is to predict iden tities for all trac ks whic h are inside the ro om,

and the ev aluation metric is the fraction of accurate predictions. W e compared

against a baseline approac h of predicting the iden tit y of a trac k based on the

most recen tly observ ed histogram at that trac k. This approac h is exp ected to

b e accurate when there are man y observ ations and discriminativ e app earance

mo dels, neither of whic h our problem a�orded. As Figure 9(b) sho ws, b oth

the baseline and �rst order mo del(without pro jection) fared p o orly , while the

pro jection step dramatically b o osted the prediction accuracy for this problem.

T o illustrate the di�cult y of predicting based on app earance alone, the righ tmost

bar re�ects the p erformance of an omniscient trac k er who kno ws the result of
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Figure 8: A ccuracy as a function of time on t w o t ypical runs.

eac h mixing ev en t and is therefore left only with the task of distinguishing

b et w een app earances. W e conjecture that the p erformance of our algorithm

(with pro jection) is near optimal.

11 F uture researc h

There remain sev eral p ossible extensions to the curren t w ork stemming from

b oth practical and theoretical considerations. W e list a few op en questions and

extensions in the follo wing.

A daptiv e �ltering. While our curren t algorithms easily b eat exact inference

in terms of running time, they are still limited b y a relativ ely high (though

p olynomial) time complexit y . In practice ho w ev er, it seems reasonable to b eliev e

that the �di�cult� iden tit y managemen t problems t ypically in v olv e only a small

subset of p eople at a time. A useful extension of our w ork w ould b e to devise

an adaptive v ersion of the algorithm whic h allo cates more F ourier co e�cien ts

to w ards the iden tities whic h require higher order reasoning. W e b eliev e that

this kind of extension w ould b e the appropriate w a y to scale our algorithm to

handling massiv e n um b ers of ob jects at a time.
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Figure 9: Ev aluation on dataset from a real camera net w ork.

Characterizing the marginal p olytop e. In our pap er, w e presen ted a pro-

jection of the bandlimited distribution to a certain p olytop e, whic h is exactly

the marginal p olytop e for �rst-order bandlimited distributions, but strictly an

outer b ound for higher orders. An in teresting pro ject w ould b e to generalize the

Birkho�-v on Neumann theorem b y exactly c haracterizing the marginal p olytop e

at higher order marginals. W e conjecture that the marginal p olytop e for lo w

order marginals can b e describ ed with p olynomially man y constrain ts.

Learning in the F ourier domain. Another in teresting problem is whether

w e can learn bandlimited mixing and observ ation mo dels dir e ctly in the F ourier

domain . Giv en fully observ ed p erm utations � 1; : : : ; � m , dra wn from a distribu-

tion P(� ) , a naiv e metho d for estimating P̂� at lo w-order � is to simply observ e

that:

P̂� = E� � P [� (� )];

and so one can estimate the F ourier transform b y simply a v eraging � (� i ) o v er

all � i . Ho w ev er, since w e t ypically do not observ e full p erm utations in real

applications lik e ranking or iden tit y managemen t, it w ould b e in teresting to es-

timate F ourier transforms using partially observ ed data. In the case of Ba y esian

learning, it ma y b e p ossible to apply some of the tec hniques discussed in this

pap er.

Probabilistic inference on other groups. The F ourier theoretic framew ork

presen ted in this pap er is not sp eci�c to the Symmetric group - in fact, the pre-

diction/rollup and conditioning form ulations, as w ell as most of the results from

App endix B hold o v er an y �nite or compact Lie group. As an example, the non-

comm utativ e group of rotation op erators in three dimensions, SO(3) , app ears

in settings whic h mo del the p ose of a three dimensional ob ject. Elemen ts in

SO(3) migh t b e used to represen t the p ose of a rob ot arm in rob otics, or the

orien tation of a mesh in computer graphics; In man y settings, it w ould b e use-

ful to ha v e a compact represen tation of uncertain t y o v er p oses. W e b eliev e that
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there are man y other application domains with algebraic structure where similar

probabilistic inference algorithms migh t apply , and in particular, that noncom-

m utativ e settings o�er a particularly c hallenging but exciting opp ortunit y for

mac hine learning researc h.

12 Conclusions

W e ha v e presen ted an in tuitiv e metho d for compactly summarizing distributions

on p erm utations with F ourier analytic in terpretations and tuneable appro xi-

mation qualit y . W e sho w ed that the F ourier theoretic p oin t of view mak es it

p ossible to form ulate general inference op erations completely in the F ourier do-

main. In particular, w e dev elop ed the Kronec k er Conditioning algorithm whic h

p erforms a con v olution-lik e op eration on F ourier co e�cien ts to �nd the F ourier

transform of the p osterior distribution. W e analyzed the sources of error in our

appro ximations and argued that bandlimited conditioning can result in F ourier

co e�cien ts whic h corresp ond to no v alid distribution, but that the problem can

b e remedied b y pro jecting to a relaxation of the marginal p olytop e.

Our ev aluation on data from a camera net w ork sho ws that our metho ds

p erform w ell when compared to the optimal solution in small problems, or to

an omniscien t trac k er in large problems. F urthermore, w e demonstrated that

our pro jection step is fundamen tal to obtaining these high-qualit y results.

Finally w e conclude b y remarking again that the mathematical framew ork

dev elop ed in our pap er is quite general. In fact, b oth the prediction/rollup

and conditioning form ulations hold o v er an y �nite group, pro viding a principled

metho d for appro ximate inference for problems with underlying group structure.
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A Constructing irreducible represen tation matri-

ces

In this section, w e presen t (without pro of ) some standard algorithms for con-

structing the irreducible represen tation matrices with resp ect to the Gel'fand-

Tsetlin (GZ) b asis (for a more elab orate discussion, see, for example, ((K ondor,

2006; Chen, 1989; V ershik & Ok ounk o v, 2006))). There are sev eral prop erties

whic h mak e the irreducible represen tation matrices, written with resp ect to the

GZ basis, fairly useful in practice. They are guaran teed to b e, for example,

real-v alued and orthogonal. And as w e will sho w, the matrices ha v e certain

useful sparsit y prop erties that can b e exploited in implemen tation.

W e b egin b y in tro ducing a few concepts relating to Y oung table aux whic h are

lik e Y oung tabloids with the distinction that the ro ws are considered as or der e d

tuples rather than unor der e d sets . F or example, the follo wing t w o diagrams are

distinct as Y oung table aux , but not as Y oung tabloids :

1 2 3
4 5

6= 1 3 2
5 4

(as Y oung tableaux) :

A Y oung T ableau t is said to b e standar d if its en tries are increasing to the

righ t along ro ws and do wn columns. F or example, the set of all standard Y oung

T ableaux of shap e � = (3 ; 2) is:
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�
1 3 5
2 4

; 1 2 5
3 4

; 1 3 4
2 5

; 1 2 4
3 5

; 1 2 3
4 5

�
: (A.1)

Giv en a p erm utation � 2 Sn , one can alw a ys apply � to a Y oung tableau t to

get a new Y oung tableau, whic h w e denote b y � � t , b y p erm uting the lab els

within the tableau. F or example,

(1; 2) � 1 2 3
4 5

= 2 1 3
4 5

:

Note, ho w ev er, that ev en if t is a standard tableau, � � t is not guaran teed to

b e standard.

The signi�cance of the standard tableaux is that the set of all standard

tableaux of shap e � can b e used to index the set of GZ basis v ectors for the irre-

ducible represen tation � � . Since there are �v e total standard tableaux of shap e

(3; 2), w e see, for example, that the irreducible corresp onding to the partition

(3; 2) is 5-dimensional. There is a simple recursiv e pro cedure for en umerating

the set of all standard tableaux of shap e � , whic h w e illustrate for � = (3 ; 2).

Example 25. If � = (3 ; 2), ther e ar e only two p ossible b oxes that the lab el 5

c an o c cupy so that b oth r ows and c olumns ar e incr e asing. They ar e:

5 ; and

5
:

T o enumer ate the set of al l standar d table aux of shap e (3; 2), we ne e d to �l l the

empty b oxes in the ab ove p artial ly �l le d table aux with the lab els f 1; 2; 3; 4g so

that b oth r ows and c olumns ar e incr e asing. Enumer ating the standar d table aux

of shap e (3; 2) thus r e duc es to enumer ating the set of standar d table aux of shap es

(2; 2) and (3; 1), r esp e ctively. F or (2; 2), the set of standar d table aux (which, in

implementation would b e c ompute d r e cursively) is:

�
1 3
2 4

; 1 2
3 4

�
;

and for (3; 1), the set of standar d table aux is:

�
1 3 4
2

; 1 2 4
3

; 1 2 3
4

�
:

The entir e set of standar d table aux of shap e (3; 2) is ther efor e:

�
1 3 5
2 4

; 1 2 5
3 4

� [ �
1 3 4
2 5

; 1 2 4
3 5

; 1 2 3
4 5

�
:

Before explicitly constructing the represen tation matrices, w e m ust de�ne a

signed distance on Y oung T ableaux called the axial distanc e .

De�nition 26. The axial distanc e , dt (i; j ) , b et w een en tries i and j in tableau

t , is de�ned to b e:

dt (i; j ) � (col(t; j ) � col(t; i )) � (row(t; j ) � row(t; i )) ;

where row(t; i ) denotes the ro w of lab el i in tableau t , and col(t; i ) denotes the

column of lab el i in tableau t .
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In tuitiv ely , the axial distance b et w een i � 1 and i in a standard tableau t is

equal to the (signed) n um b er of steps that are required to tra v el from i � 1 to

i , if at eac h step, one is allo w ed to tra v erse a single b o x in the tableau in one of

the four cardinal directions. F or example, the axial distance from 3 to 4 with

resp ect to tableau: t = 1 2 3
4 5

is:

dt (3; 4) =
�

col
�

1 2 3
4 5 ; 4

�
� col

�
1 2 3
4 5 ; 3

��
�

�
row

�
1 2 3
4 5 ; 4

�
� row

�
1 2 3
4 5 ; 3

��

= (1 � 3) � (2 � 1) = � 3

A.1 Constructing represen tation matrices for adjacen t trans-

p ositions

In the follo wing discussion, w e will consider a �xed ordering, t1; : : : ; td� , on the

set of standard tableaux of shap e � and refer to b oth standard tableaux and

columns of � � (� ) in terc hangeably . Th us t1 refers to �rst column, t2 refers to

the second column and so on. And w e will index elemen ts in � � (� ) using pairs

of standard tableau, (t j ; tk ) .

T o explicitly de�ne the represen tation matrices with resp ect to the GZ basis,

w e will �rst construct the matrices for adjacen t transp ositions (i.e., p erm uta-

tions of the form (i � 1; i ) ), and then w e will construct arbitrary represen tation

matrices b y com bining the matrices for the adjacen t transp ositions. The rule

for constructing the matrix co e�cien t [� � (i � 1; i )]t j ;t k
is as follo ws.

1. De�ne the (t j ; tk ) co e�cien t of � � (i � 1; i ) to b e zero if it is (1), o�-diagonal

( j 6= k ) and (2), not of the form (t j ; (i � 1; i ) � tk ) .

2. If (t j ; tk ) is a diagonal elemen t, (i.e., of the form (t j ; t j ) ), de�ne:

[� � (i � 1; i )]t j ;t j
= 1 =dt j (i � 1; i );

where dt j (i � 1; i ) is the axial distance whic h w e de�ned earlier in the

section.

3. If (t j ; tk ) can b e written as (t j ; (i � 1; i ) � t j ) de�ne:

[� � (i � 1; i )]t j ;� � t j
=

q
1 � 1=d2

t j
(i � 1; i ):

Note that the only time that o�-diagonal elemen ts can b e nonzero under the

ab o v e rules is when (i � i; i ) � t j happ ens to also b e a standard tableau. If w e

apply an adjacen t transp osition, � = ( i � 1; i ) to a standard tableau t , then � � t
is guaran teed to b e standard if and only if i � 1 and i w ere neither in the same

ro w nor column of t . This can b e seen b y examining eac h case separately .

1. i � 1 and i are in the same ro w or same column of t . If i and i � 1
are in the same ro w of t , then i � 1 lies to the left of i . Applying � � t
sw aps their p ositions so that i lies to the left of i � 1, and so w e see that

� � t cannot b e standard. F or example,

(3; 4) � 1 2 5
3 4

= 1 2 5
4 3

:
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Algorithm 3 : Pseudo co de for computing irreducible represen tations ma-

trices with resp ect to the Gel'fand-T setlin basis at adjacen t transp ositions.

adja centrho

input : i 2 f 2; : : : ; ng; �
output : � � (i � 1; i )
�  0 d� � d� ;1

foreac h standar d table aux t of shap e � do2

d  (col(t; i ) � col(t; i � 1)) � (row(t; i ) � row(t; i � 1)) ;3

� (t; t )  1=d;4

if i � 1 and i ar e in di�er ent r ows and c olumns of t then5

� (( i � 1; i )( t); t)  
p

1 � 1=d2
;6

return � ;7

Similarly , w e see that if i and i � 1 are in the same column of t , � � t
cannot b e standard. F or example,

(3; 4) � 1 3 5
2 4

= 1 4 5
2 3

:

2. i � 1 and i are neither in the same ro w nor column of t . In the

second case, � � t can b e seen to b e a standard tableau due to the fact

that i � 1 and i are adjacen t indices. F or example,

(3; 4) � 1 2 3
4 5

= 1 2 4
3 5

:

Therefore, to see if (i � 1; i ) � t is standard, w e need only c hec k to see that

i � 1 and i are in di�eren t ro ws and columns of the tableau t . The pseudo co de

for constructing the irreducible represen tation matrices for adjacen t sw aps is

summarized in Algorithm 3. Note that the matrices constructed in the algorithm

are sparse, with no more than t w o nonzero elemen ts in an y giv en column.

Example 27. W e c ompute the r epr esentation matrix of � (3 ;2) evaluate d at the

adjac ent tr ansp osition � = ( i � 1; i ) = (3 ; 4). F or this example, we wil l use the

enumer ation of the standar d table aux of shap e (3; 2) given in Equation A.1.

F or e ach (3; 2)-table au t j , we identify whether � � t j is standar d and c ompute

the axial distanc e fr om 3 to 4 on the table au t j .

j 1 2 3 4 5

t j

1 3 5
2 4

1 2 5
3 4

1 3 4
2 5

1 2 4
3 5

1 2 3
4 5

(3; 4) � t j

1 4 5
2 3

1 2 5
4 3

1 4 3
2 5

1 2 3
4 5

1 2 4
3 5

(3; 4) � t j Standar d? No No No Y es Y es

axial distanc e ( dt j (3; 4)) -1 1 1 3 -3
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Putting the r esults to gether in a matrix yields:,

� (3 ;2) (3; 4) =

2

6
6
6
6
6
6
6
6
4

t1 t2 t3 t4 t5

t1 � 1
t2 1
t3 1

t4
1
3

q
8
9

t5

q
8
9 � 1

3

3

7
7
7
7
7
7
7
7
5

;

wher e al l of the empty entries ar e zer o.

A.2 Constructing represen tation matrices for general p er-

m utations

T o construct represen tation matrices for general p erm utations, it is enough to

observ e that all p erm utations can b e factored in to a sequence of adjacen t sw aps.

F or example, the p erm utation (1; 2; 5) can b e factored in to:

(1; 2; 5) = (4 ; 5)(3; 4)(1; 2)(2; 3)(3; 4)(4; 5);

and hence, for an y partition � ,

� � (1; 2; 5) = � � (4; 5) � � � (3; 4) � � � (1; 2) � � � (2; 3) � � � (3; 4) � � � (4; 5);

since � � is a group represen tation. Algorithmically , factoring a p erm utation in to

adjacen t sw aps lo oks v ery similar to the Bubblesort algorithm, and w e sho w the

pseudo co de in Algorithm 4.

B Decomp osing the tensor pro duct represen ta-

tion

W e no w turn to the T ensor Pr o duct De c omp osition problem, whic h is that of

�nding the irreducible comp onen ts of the t ypically reducible tensor pro duct

represen tation. If � � and � � are irreducible represen tations of Sn , then there

exists an in tert wining op erator C�� suc h that:

C��
� 1 � (� � 
 � � (� )) � C�� =

M

�

z���M

` =1

� � (� ): (B.1)

In this section, w e will presen t a set of n umerical metho ds for computing the

Clebsc h-Gordan series ( z��� ) and Clebsc h-Gordan co e�cien ts ( C�� ) for a pair

of irreducible represen tations � � 
 � � . W e b egin b y discussing t w o metho ds

for computing the Clebsc h-Gordan series. In the second section, w e pro vide a

general algorithm for computing the in tert wining op erators whic h relate t w o

equiv alen t represen tations and discuss ho w it can b e applied to computing

the Clebsc h-Gordan co e�cien ts (Equation B.1) and the matrices whic h relate

marginal probabilities to irreducible F ourier co e�cien ts (Equation 5.4).
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Algorithm 4 : Pseudo co de for computing irreducible represen tation ma-

trices for arbitrary p erm utations.

getrho

input : � 2 Sn ; �
output : � � (� ) (a d� � d� matrix)

// Use Bubblesort to factor � into a pr o duct of tr ansp ositions1

k  0 ;2

factors  ; ;3

for i = 1 ; 2; : : : ; n do4

for j = n; n � 1; : : : ; i + 1 do5

if � (j ) < � (j � 1) then6

Sw ap( � (j � 1); � (j ) ) ;7

k  k + 1 ;8

factors (k)  j ;9

// Construct r epr esentation matrix using adjac ent tr ansp ositions10

� � (� )  I d� � d� ;11

m  length(factors ) ;12

for j = 1 ; : : : ; m do13

� � (� )  get adja centrho (factors (j ); � ) � � � (� ) ;14

B.1 Computing the Clebsc h-Gordan series

W e b egin with a simple, w ell-kno wn algorithm based on gr oup char acters for

computing the Clebsc h-Gordan series that turns out to b e computationally in-

tractable, but yields sev eral illuminating theoretical results. See (Serre, 1977)

for pro ofs of the theoretical results cited in this section.

One of the main results of represen tation theory w as the disco v ery that there

exists a relativ ely compact w a y of enco ding an y represen tation up to equiv alence

with a v ector whic h w e call the char acter of the represen tation. If � is a rep-

resen tation of a group G , then the c haracter of the represen tation � , is de�ned

simply to b e the trace of the represen tation at eac h elemen t � 2 G :

� � (� ) = T r (� (� )) :

The reason c haracters ha v e b een so extensiv ely studied is that they uniquely

c haracterize a represen tation up to equiv alence in the sense that t w o c haracters

� � 1 and � � 2 are equal if and only if � 1 and � 2 are equiv alen t as represen tations.

Ev en more surprising is that the space of p ossible group c haracters is orthog-

onally spanned b y the c haracters of the irreducible represen tations. T o mak e

this precise, w e �rst de�ne an inner pro duct on functions from G .

De�nition 28. Let �;  b e t w o real-v alued functions on G . The inner pr o duct

of � and  is de�ned to b e:

h�;  i �
1

jGj

X

� 2 G

� (� ) (� )
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With resp ect to the ab o v e inner pro duct, w e ha v e the follo wing imp ortan t

result whic h allo ws us to test a giv en represen tation for irreducibilit y , and to

test t w o irreducibles for equiv alence.

Prop osition 29. L et � � 1 and � � 2 b e char acters c orr esp onding to irr e ducible

r epr esentations. Then

h� � 1 ; � � 2 i =
�

1 if � 1 � � 2

0 otherwise

:

Prop osition 29 sho ws that the irreducible c haracters form an orthonormal

set of functions. The next prop osition sa ys that the irreducible c haracters sp an

the space of all p ossible c haracters.

Prop osition 30. Supp ose � is any r epr esentation of G and which de c omp oses

into irr e ducibles as:

� �
M

�

z�M

` =1

� � ;

wher e � indexes over al l irr e ducibles of G . Then:

1. The char acter of � is a line ar c ombination of irr e ducible char acters ( � � =P
� z� � � � ),

2. and the multiplicity of e ach irr e ducible, z� , c an b e r e c over e d using h� � ; � � � i =
z� .

A simple w a y to decomp ose an y group represen tation � , is giv en b y Prop o-

sition 30, whic h sa ys that w e can tak e inner pro ducts of � � against the basis of

irreducible c haracters to obtain the irreducible m ultiplicities z� . T o treat the

sp ecial case of �nding the Clebsc h-Gordan series, one observ es that the c harac-

ter of the tensor pro duct is simply the p oin t wise pro duct of the c haracters of

eac h tensor pro duct factor.

Theorem 31. L et � � and � � b e irr e ducible r epr esentations with char acters

� � ; � � r esp e ctively. L et z��� b e the numb er of c opies of � � in � � 
 � � (henc e,

one term of the Clebsch-Gor dan series). Then:

1. The char acter of the tensor pr o duct r epr esentation is given by:

� � � 
 � � = � � � � � =
X

�

z��� � � : (B.2)

2. The terms of the Clebsch-Gor dan series c an b e c ompute d using:

z��� =
1

jGj

X

g2 G

� � (g) � � � (g) � � � (g); (B.3)

and satisfy the fol lowing symmetry:

z��� = z��� = z��� = z��� = z��� = z��� : (B.4)
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Dot pro ducts for c haracters on the symmetric group can b e done in O(#( n))
time where #( n) is the n um b er of partitions of the n um b er n , instead of the

naiv e O(n!) time. In practice ho w ev er, #( n) also gro ws to o quic kly for the

c haracter metho d to b e tractable.

B.1.1 Murnaghan's form ulas

A theorem b y Murnaghan ((Murnaghan, 1938)) giv es us a `b ound' on whic h

represen tations can app ear in the tensor pro duct decomp osition on Sn .

Theorem 32. L et � 1; � 2 b e the irr e ducibles c orr esp onding to the p artition (n �
p; � 2; : : : ) and (n � q; � 2; : : : ) r esp e ctively. Then the pr o duct � 1 
 � 2 do es not

c ontain any irr e ducibles c orr esp onding to a p artition whose �rst term is less

than n � p � q.

In view of the connection b et w een the Clebsc h-Gordan series and con v olution

of F ourier co e�cien ts, Theorem 32 is analogous to the fact that for functions

o v er the reals, the con v olution of t w o compactly supp orted functions is also

compactly supp orted.

W e can use Theorem 32 to sho w that Kronec k er conditioning is exact at

certain irreducibles.

of The or em 21. Let � denote the set of irreducibles at whic h our algorithm

main tains F ourier co e�cien ts. Since the errors in the prior come from setting

co e�cien ts outside of � to b e zero, w e see that Kronec k er conditioning returns

an appro ximate p osterior whic h is exact at the irreducibles in

� EXACT = f � � : z��� = 0 ; where � =2 � and � D (n � q; � 2; : : : )g:

Com bining Theorem 32 with Equation B.4: if z��� > 0, with � = ( n �
p; � 2; � 3; : : : ); � = ( n � q; � 2; � 3; : : : ) and � = ( n � r; � 2; � 3; : : : ) , then w e ha v e

that: r � p+ q; p� q+ r , and q � p+ r . In particular, it implies that r � p � q
and r � q� p, or more succinctly , r � j p� qj . Hence, if � = ( n � r; � 2; : : : ) , then

� � 2 � EXACT whenev er r � j p � qj , whic h pro v es the desired result.

The same pap er ((Murnaghan, 1938)) deriv es sev eral general Clebsc h-Gordan

series form ulas for pairs of lo w-order irreducibles in terms of n , and in particu-

lar, deriv es the Clebsc h-Gordan series for man y of the Kronec k er pro duct pairs

that one w ould lik ely encoun ter in practice. F or example,

� � (n � 1;1) 
 � (n � 1;1) � � (n ) � � (n � 1;1) � � (n � 2;2) � � (n � 2;1;1)

� � (n � 1;1) 
 � (n � 2;2) � � (n � 1;1) � � (n � 2;2) � � (n � 2;1;1) � � (n � 3;3) � � (n � 3;2;1)

� � (n � 1;1) 
 � (n � 2;1;1) � � (n � 1;1) � � (n � 2;2) � � (n � 2;1;1) � � (n � 3;2;1) � � (n � 3;1;1;1)

� � (n � 1;1) 
 � (n � 3;3) � � (n � 2;2) � � (n � 3;3) � � (n � 3;2;1) � � (n � 4;4) � � (n � 4;3;1)
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B.2 Computing the Clebsc h-Gordan co e�cien ts

In this section, w e consider the general problem of �nding an orthogonal op erator

whic h decomp oses an arbitrary represen tation, X (� ) , of a �nite group G . Unlik e

the Clebsc h-Gordan series whic h are basis-indep enden t, in tert wining op erators

m ust b e recomputed if w e c hange the underlying basis b y whic h the irreducible

represen tation matrices are constructed. Ho w ev er, for a �xed basis, w e remind

the reader that these in tert wining op erators need only b e computed once and

for all and can b e stored in a table for future reference. Let X b e an y degree d
group represen tation of G , and let Y b e an equiv alen t direct sum of irreducibles,

e.g.,

Y (� ) =
M

�

z�M

` =1

� � (� ); (B.5)

where eac h irreducible � � has degree d� . W e w ould lik e to compute an in-

v ertible (and orthogonal) op erator C , suc h that C � X (� ) = Y (� ) � C , for all

� 2 G . Throughout this section, w e will assume that the m ultiplicities z� are

kno wn. T o compute Clebsc h-Gordan co e�cien ts, for example, w e w ould set

X = � � 
 � � , and the m ultiplicities w ould b e giv en b y the Clebsc h-Gordan

series (Equation B.1). T o �nd the matrix whic h relates marginal probabilities

to irreducible co e�cien ts, w e w ould set X = � � , and the m ultiplicities w ould b e

giv en b y the K ostk a n um b ers (Equation 5.4).

W e will b egin b y describing an algorithm for computing a basis for the space

of all p ossible in tert wining op erators whic h w e denote b y:

In t [X ;Y ] = f C 2 Rd� d : C � X (� ) = Y(� ) � C; 8� 2 Gg:

W e will then discuss some of the theoretical prop erties of In t [X ;Y ] and sho w ho w

to e�cien tly select an ortho gonal elemen t of In t [X ;Y ] .

Our approac h is to naiv ely

8

view the task of �nding elemen ts of In t [X ;Y ]

as a similarit y matrix reco v ery problem, with the t wist that the similarit y ma-

trix m ust b e consisten t o v er all group elemen ts. W e �rst cast the problem of

reco v ering a similarit y matrix as a n ullspace computation.

Prop osition 33. L et A; B; C b e matric es and let K AB = I 
 A � B T 
 I . Then

AC = CB if and only if ve c (C) 2 Nul lsp ac e (K AB ) .

Pr o of. A w ell kno wn matrix iden tit y ((v an Loan, 2000)) states that if A; B; C
are matrices, then v ec (ABC ) =

�
CT 
 A

�
v ec (B ) . Applying the iden tit y to

AC = CB , w e ha v e:

v ec (ACI ) = v ec (ICB );

and after some manipulation:

�
I 
 A � B T 
 I

�
v ec (C) = 0 ;

8

In implemen tation, w e use a more e�cien t algorithm for computing in tert wining op erators

kno wn as the Eigenfunction Metho d (EFM) ((Chen, 1989)). Unfortunately , the EFM is to o

complicated for us to describ e in this pap er. The metho d whic h w e describ e in this app endix

is conceptually simpler than the EFM and generalizes easily to groups b esides Sn .
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sho wing that v ec (C) 2 Nullspace (K AB ) .

F or eac h � 2 G , the n ullspace of the matrix K (� ) constructed using the

ab o v e prop osition as:

K (� ) = I 
 Y (� ) � X (� ) 
 I; (B.6)

where I is a d� d iden tit y matrix, corresp onds to the space of matrices C� suc h

that

C� � X (� ) = Y(� ) � C; for all � 2 G .

T o �nd the space of in tert wining op erators whic h are consisten t across all group

elemen ts, w e need to �nd the in tersection:

\

� 2 G

Nullspace(K (� )) : (B.7)

A t �rst glance, it ma y seem that computing the in tersection migh t require exam-

ining n! n ullspaces if G = Sn , but as luc k w ould ha v e it, most of the n ullspaces

in the in tersection are extraneous, as w e no w sho w.

De�nition 34. W e sa y that a �nite group G is gener ate d b y a set of gener ators

S = f g1; : : : ; gm g if ev ery elemen t of G can b e written as a �nite pro duct of

elemen ts in S .

F or example, the follo wing three sets are all generators for Sn :

� {(1,2),(1,3),. . . ,(1, n )},

� {(1,2),(2,3),(3,4),. . . ,( n � 1, n )}, and

� {(1,2),(1,2,3,. . . , n )}.

T o ensure a consisten t similarit y matrix for all group elemen ts, w e use the

follo wing prop osition whic h sa ys that it su�ces to b e consisten t on an y set of

generators of the group.

Prop osition 35. L et X and Y b e r epr esentations of �nite gr oup G and supp ose

that G is gener ate d by the elements � 1; : : : ; � m . If ther e exists an invertible line ar

op er ator C such that C � X (� i ) = Y(� i ) � C for e ach i 2 f 1; : : : ; mg, then X and

Y ar e e quivalent as r epr esentations with C as the intertwining op er ator.

Pr o of. W e just need to sho w that C is a similarit y transform for an y other

elemen t of G as w ell. Let � b e an y elemen t of G and supp ose � can b e written

as the follo wing pro duct of generators: � =
Q n

i =1 � i . It follo ws that:

C � 1 � Y (� ) � C = C � 1 � Y

 
Y

i

� i

!

� C = C � 1 �

 
Y

i

Y(� i )

!

� C

= ( C � 1 � Y (� 1) � C)(C � 1 � Y (� 2) � C) � � � (C � 1 � Y (� m ) � C)

=
Y

i

�
C � 1 � Y (� i ) � C

�
=

Y

i

X (� i ) = X

 
Y

i

� i

!

= X (� )

Since this holds for ev ery � 2 G , w e ha v e sho wn C to b e an in tert wining op erator

b et w een the represen tations X and Y .
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The go o d news is that despite ha ving n! elemen ts, Sn can b e generated b y

just t w o elemen ts, namely , (1; 2) and (1; 2; : : : ; n) , and so the problem reduces to

solving for the in tersection of t w o n ullspaces, (K (1; 2) \ K (1; 2; : : : ; n)) , whic h

can b e done using standard n umerical metho ds. T ypically , the n ullspace is

m ultidimensional, sho wing that, for example, the Clebsc h-Gordan co e�cien ts

for � � 
 � � are not unique ev en up to scale.

Because In t [X ;Y ] con tains singular op erators (the zero matrix is a mem b er

of In t [X ;Y ] , for example), not ev ery elemen t of In t [X ;Y ] is actually a legitimate

in tert wining op erator as w e require in v ertibilit y . In practice, ho w ev er, since the

singular elemen ts corresp ond to a measure zero subset of In t [X ;Y ] , one metho d

for reliably selecting an op erator from In t [X ;Y ] that �w orks� is to simply select

a random elemen t from the n ullspace to b e C . It ma y , ho w ev er, b e desirable

to ha v e an ortho gonal matrix C whic h w orks as an in tert wining op erator. In

the follo wing, w e discuss an ob ject called the Commutant A lgebr a whic h will

lead to sev eral insigh ts ab out the space In t [X ;Y ] , and in particular, will lead to

an algorithm for `mo difying' an y in v ertible in tert wining op erator C to b e an

ortho gonal matrix.

De�nition 36. The Commutant A lgebr a of a represen tation Y is de�ned to b e

the space of op erators whic h comm ute with Y 9

:

Com Y = f S 2 Rd� d : S � Y (� ) = Y (� ) � S; 8� 2 Gg:

The elemen ts of the Comm utan t Algebra of Y can b e sho wn to alw a ys tak e

on a particular constrained form (sho wn using Sc h ur's Lemma in (Sagan, 2001)).

In particular, ev ery elemen t of Com Y tak es the form

S =
M

�

(M z� 
 I d� ) ; (B.8)

where M z� is some z� � z� matrix of co e�cien ts and I d� is the d� � d� iden tit y

(recall that the z� are the m ultiplicities from Equation B.5). Moreo v er, it can

b e sho wn that ev ery matrix of this form m ust necessarily b e an elemen t of the

Comm utan t Algebra.

The link b et w een Com Y and our problem is that the space of in tert wining

op erators can b e though t of as a `translate' of the Comm utan t Algebra.

Lemma 37. Ther e exists a ve ctor sp ac e isomorphism b etwe en Int [X ;Y ] and

Com Y .

Pr o of. Let R b e an y in v ertible elemen t of In t [X ;Y ] and de�ne the linear map

f : Com Y ! Rd� d
b y: f : S 7! (S � R) . W e will sho w that the image of f is

exactly the space of in tert wining op erators. Consider an y elemen t � 2 G :

(S � R) � X (� ) � (S � R) � 1 = S � R � X (� ) � R� 1 � S� 1;

= S � Y(� ) � S� 1
(since R 2 In t [X ;Y ] ) ;

= Y (� ) (since S 2 Com Y ) :

9

Notice that the de�nition of the Comm utan t Algebra do es not in v olv e the represen tation

X .
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W e ha v e sho wn that S � R 2 In t [X ;Y ] , and since f is linear and in v ertible, w e

ha v e that In t [X ;Y ] and Com Y are isomorphic as v ector spaces.

Using the lemma, w e can see that the dimension of In t [X ;Y ] m ust b e the

same as the dimension of Com Y , and therefore w e ha v e the follo wing expression

for the dimension of In t [X ;Y ] .

Prop osition 38.

dim Int [X ;Y ] =
X

�

z2
� :

Pr o of. T o compute the dimension of In t [X ;Y ] , w e need to compute the dimension

of Com Y , whic h can b e accomplished simply b y computing the n um b er of free

parameters in Equation B.8. Eac h matrix M z� is free and yields z2
� parameters,

and summing across all irreducibles � yields the desired dimension.

T o select an orthogonal in tert wining op erator, w e will assume that w e are

giv en some in v ertible R 2 In t [X ;Y ] whic h is not necessarily orthogonal (suc h as

a random elemen t of the n ullspace of K (Equation B.6)). T o �nd an orthogonal

elemen t, w e will `mo dify' R to b e an orthogonal matrix b y applying an appro-

priate rotation, suc h that R �RT = I . W e b egin with a simple observ ation ab out

R � RT
.

Lemma 39. If b oth X and Y ar e ortho gonal r epr esentations and R is an in-

vertible memb er of Int [X ;Y ] , then the matrix R � RT
is an element of Com Y .

Pr o of. Consider a �xed � 2 G . Since R 2 In t [X ;Y ] , w e ha v e that:

X (� ) = R� 1 � Y (� ) � R:

It is also true that:

X (� � 1) = R� 1 � Y (� � 1) � R: (B.9)

Since X (� ) and Y (� ) are orthogonal matrices b y assumption, Equation B.9

b ecomes:

X T (� ) = R� 1 � Y T (� ) � R:

T aking transp oses,

X (� ) = RT � Y (� ) � (R� 1)T :

W e no w m ultiply b oth sides on the left b y R , and on the righ t b y RT
,

R � X (� ) � RT = R � RT � Y (� ) � (R� 1)T � RT

= R � RT � Y (� ):

Since R 2 In t [X ;Y ] ,

Y(� ) � R � RT = R � RT � Y (� );

whic h sho ws that R � RT 2 Com Y .
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Algorithm 5 : Pseudo co de for computing an orthogonal in tert wining op-

erators

IntXY

input : A degree d orthogonal matrix represen tation X ev aluated at

p erm utations (1; 2) and (1; : : : ; n) , and the m ultiplicit y z� , of

the irreducible � � in X
output : A matrix C� with orthogonal ro ws suc h that CT

� � � z� � � � C� = X
K 1  I d� d 
 (� z� � � (1; 2)) � X (1; 2) 
 I d� d ;1

K 2  I d� d 
 (� z� � � (1; : : : ; n)) � X (1; : : : ; n) 
 I d� d ;2

K  [K 1; K 2]; // Stack K 1 and K 23

v  SparseNullspace

�
K; z 2

�

�
; // Find the d2

� -dimensional nul lsp ac e4

R  Reshap e (v; z� d� ; d) ; // R eshap e v into a (z� d� ) � d matrix5

M  Kronec k erF actors (R � RT ) ; // Find M such that R � RT = M 
 I d�6

S�  Eigen v ectors (M ) ;7

C�  ST
� � R ;8

NormalizeRo ws (C� ) ;9

W e can no w state and pro v e our orthogonalization pro cedure, whic h w orks

b y diagonalizing the matrix R � RT
. Due to its highly constrained form, the

pro cedure is quite e�cien t.

Theorem 40. L et X b e any ortho gonal gr oup r epr esentation of G and Y an

e quivalent ortho gonal irr e ducible de c omp osition (As in Equation B.5). Then

for any invertible element R 2 Int [X ;Y ] , ther e exists an (e�ciently c omputable)

ortho gonal matrix T such that the matrix T � R is an element of Int [X ;Y ] and is

orthogonal .

Pr o of. Lemma 39 and Equation B.8 together imply that the matrix R � RT
can

alw a ys b e written in the form

R � RT = � � (M z� 
 I d� )

Since R � RT
is symmetric, eac h of the matrices M z� is also symmetric and m ust

therefore p ossess an orthogonal basis of eigen v ectors. De�ne the matrix Sz� to

b e the matrix whose columns are the eigen v ectors of M z� .

The matrix S = � � (Sz� 
 I d� ) has the follo wing t w o prop erties:

1. (ST � R)(ST � R)T
is a diagonal matrix:

Eac h column of S is an eigen v ector of R � RT
b y standard prop erties of

the direct sum and Kronec k er pro duct. Since eac h of the matrices, Sz� , is

orthogonal, the matrix S is also orthogonal. W e ha v e:

(ST � R)(ST � R)T = ST � R � RT � S;

= S� 1 � R � RT � S;

= D;

where D is a diagonal matrix of eigen v alues of R � RT
.
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2. ST � R 2 In t [X ;Y ] :

By Equation B.8, a matrix is an elemen t of Com Y if and only if it tak es

the form � � (Sz� 
 I d� ) . Since S can b e written in the required form, so

can ST
. W e see that ST 2 Com Y , and b y the pro of of Lemma 37, w e see

that ST � R 2 In t [X ;Y ] .

Finally , setting T = D 1=2 � ST
mak es the matrix T � R orthogonal (and do es

not c hange the fact that T � R 2 In t [X ;Y ] ).

W e see that the complexit y of computing T of is dominated b y the eigenspace

decomp osition of M z� , whic h is O
�
z3

�

�
. Pseudo co de for computing orthogonal

in tert wining op erators is giv en Algorithm 5.
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